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Abstract

Why do individuals interpret the same information differently? We propose that individuals form beliefs
following Bayes’ Rule with one exception: when assessing the credibility of experts, they double-dip the
data and use already-updated beliefs instead of their priors. This “pre-screening” mechanism explains why
individuals jointly disagree about states of the world and the credibility of experts, why the ordering of
signals and experts affects final beliefs, and when individuals over- or underreact to new information. In a
trading game, pre-screening generates excessive speculation, bubbles, and crashes. Our theory provides a
micro-foundation for why individuals disagree about how to interpret the same data.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Disagreement is everywhere, over topics ranging from the causes of climate change to the
consequences of stimulus spending. A core feature of many disagreements is that individuals
disagree not just about the substance of their positions (“Do humans affect climate change?”’)
but also about the credibility of information sources such as experts that inform those positions
(“How credible are scientists and their data?”). In debates about economics (“What is the value of
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stimulus spending?”’), medicine (“Are vaccinations safe for children?”), and politics (‘“Was there
interference in elections?”), one side typically expresses supreme confidence in their preferred
sources while dismissing the other side’s sources. Bayesian learning about an unknown state of
the world using signals from an information source with uncertain credibility struggles to explain
this type of disagreement when all agents observe the same signals and have common priors.

This paper proposes a departure from Bayesian learning called “pre-screening.” The central
idea of pre-screening is that an agent recognizes that credibility is uncertain but mistakenly treats
credibility as an “ancillary parameter,” or a parameter necessary to learn with some precision
before applying Bayes’ Rule to form final beliefs. A pre-screener first forms an updated first-
stage belief about credibility. She then forms posterior beliefs by weighing the data using the
updated belief about credibility instead of her prior and overlooks that this step “double-dips”
the data. In contrast, a Bayesian weighs the data using only her prior beliefs because she carefully
separates her priors from the likelihood of the data.

Consider the following example. An individual who is reasonably sure that he weighs 200
pounds steps on a scale that he believes is likely accurate, and the scale reads 300 pounds. Sur-
prised by the reading, a Bayesian’s posterior is that the scale is likely inaccurate but that there
is some chance he weighs 300 pounds, as he carefully combines the likelihood of the data with
his prior belief that the scale was accurate. In contrast, a pre-screener first infers that the scale is
inaccurate upon seeing the reading and then combines the likelihood of the data with this updated
belief as though he knew the scale was inaccurate all along. This process leads the pre-screener
to discount the possibility that he might be 300 pounds too much, on the premise that the scale
is inaccurate. Intuitively, the pre-screener thinks: “I now think the scale is not credible, and my
beliefs should reflect that I saw non-credible signals.”

We motivate pre-screening by observing that “using the data twice” is an error that recurs
in practice, particularly when the initial use is for a seemingly legitimate reason—in this case,
reducing uncertainty about credibility when the principal object of interest is the state. For exam-
ple, criticisms of statistical methods such as empirical Bayes and posterior Bayes Factor methods
often center around the potential for double-dipping the data (Lindley, 1991; Aitkin, 1991). Sim-
ilar criticisms exist of applied work in fields as varied as finance and neuroscience (Lo and
MacKinlay, 1990; Vul et al., 2009).

Overlooking the use of updated data is plausible as evidence of hindsight bias suggests that
individuals who have seen data tend to behave as if they “knew it all along” (Fischhoff, 1975;
Hawkins and Hastie, 1990). A pre-screener overlooks her erroneous substitution of updated first-
stage beliefs for priors, while a Bayesian carefully distinguishes her prior from subsequent data.
Relatedly, evidence on the curse of knowledge (Camerer et al., 1989) suggests that individuals
have difficulty conceptualizing what it was like to be uninformed in the past.

Section 2 introduces pre-screening. We assume that signal sources are data-generating pro-
cesses that produce signals about an uncertain state and abstract from strategic motives to isolate
the effects of biased learning. In the base model, we model a source’s credibility as its accuracy
in discerning the true state of the world (e.g., do economists accurately understand the economy).

Section 3 characterizes three implications of pre-screening for disagreement. First, pre-
screening endogenously generates correlated disagreement. Suppose two agents with common
priors observe signals with the same objective information content. If the agents are Bayesian,
they never disagree. If the agents are pre-screeners, they disagree about the state if and only if
they disagree about credibility and credibility objectively matters. Specifically, pre-screener X
thinks the objectively-favored state is more likely than pre-screener Y does if and only if X also
thinks the source is more credible than Y does.
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Second, disagreement about credibility between two pre-screeners occurs if they see signals
in different orders, even if they share common priors and see the same objective information con-
tent. The reason is that pre-screening, through the repeated substitution of updated beliefs about
credibility for priors, leads to path-dependent beliefs whereby early signals have an outsized in-
fluence on the interpretation of later signals and thus final posterior beliefs. Bayesian beliefs, in
contrast, do not depend on the order of signals.

Third, the model provides conditions for when pre-screeners endogenously over- and under-
react to new signals that depend on how the signals affect first-stage beliefs about source cred-
ibility. Pre-screening thus provides a unified explanation for seemingly contradictory deviations
from Bayes’ Rule. For example, the literature suggests that agents exhibit confirmation bias and
under-react to disconfirming news that contradicts their beliefs about the state (Rabin and Schrag,
1999). On the other hand, agents also over-react to news that is so disconfirming that it causes
agents to re-evaluate their worldview or paradigm (Ortoleva, 2012; Galperti, 2019). Distinct from
confirmation bias, pre-screeners can over-react or under-react to confirming and disconfirming
news.

Section 4 characterizes pre-screeners’ beliefs when there are multiple sources. Pre-screeners
can disagree about sources’ credibilities and the state even when they observe all sources’ signals,
as long as they encounter sources in different orders. The reason is that beliefs about an early
source’s credibility color the interpretation of later sources’ signals. Thus, our theory explains
why individuals disagree about states of the world and the credibilities of multiple sources of
information.

Section 5 considers three extensions. First, we show that the possibility that sources may
“slant” signals toward a given state can create further scope for error by pre-screeners. While the
base model considers the case where agents do not know a source’s accuracy, in reality agents
may also be uncertain of whether sources have slant (e.g., whether scientists have an agenda).
Second, we extend pre-screening to the case where a source may send multiple signals in one
period and show how signal order can be important for persuasion. Third, we show that key
results hold when we allow for fading memory.

Section 6 illustrates the implications of pre-screening for prices and trade. In a trading game
similar to Harris and Raviv (1993), we compare outcomes when all traders are pre-screeners
with outcomes when all traders are Bayesians. The game with pre-screeners features weakly
more trade than the game with Bayesians since agents speculate against each other’s beliefs in
the sense of Harrison and Kreps (1978). Specifically, a pre-screener may buy an asset even if the
price is greater than what she thinks it is worth to resell it later to other agents. This speculation
is akin to traders “riding the bubble” (Abreu and Brunnermeier, 2003; Brunnermeier and Nagel,
2005). Sharp swings in prices akin to bubbles and crashes, as defined by Barberis (2018), can
occur beyond what can be easily explained by a model with Bayesian agents with heterogeneous
priors. The application to the trading game illustrates how pre-screening can generate several
empirically-relevant dynamics within a unified framework.

Our main contribution is to offer a parsimonious micro-foundation for why individuals dis-
agree about the interpretation of the same data. Our approach suggests that erroneous learning
about credibility may play a central role in explaining the joint disagreement over substance and
credibility in a wide range of settings. Section 7 summarizes pre-screening’s key implications
and how they differ from other approaches in the literature, including heterogeneous priors, inat-
tention, correlation neglect, and confirmation bias. Concerning heterogeneous priors (Morris,
1995), our model provides a theory for such priors’ origins. We conclude with a discussion of
avenues for future research.
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2. Model
2.1. Information environment

An agent learns about an unknown state 8 € {A, B} by observing binary signals s; € {a, b}
in each period ¢ from an expert. Experts in our model are data-generating processes (e.g., ana-
lysts, advisors, scientists) and are not strategic, and we refer to experts as information sources
from now on. A source’s credibility is a type ¢ that describes the informativeness of its signals.
Nature draws true source credibility independently from the true state. Conditional on state and
credibility, signals are independently and identically distributed.

In the main model, we focus on the case where credibility summarizes the accuracy of the
source in determining the state. Specifically, a source has credibility ¢ € {L(ow), H(igh)}.
A high-credibility source has a higher probability of correctly reporting the state than a low-
credibility source and is more informative: P(s; = a|c, A) = P(s; = b|c, B) = g, where g1 <
qy. We assume g, € [1/2, 1): the least accurate possible signal is noise, while even the most
accurate possible signal is not perfectly correlated with the true state.

The agent is uncertain whether a source’s credibility c is high or low. Uncertain credibility is
realistic in many real-world areas of disagreement, such as economics, climate science, medicine,
and politics. In economics, few lay individuals have the expertise or training to evaluate primary
evidence on these issues. Yet, from the individual’s perspective, the economist’s ability is uncer-
tain. Sapienza and Zingales (2013) show that American households have sharply different views
than economists on questions ranging from the stock market to free trade.

Similarly, few individuals have the expertise to evaluate the extent to which humans affect cli-
mate change, yet many people have very strong opinions about the topic. Disagreement between
climate “deniers” and supporters of the proposition is largely about the credibility of the majority
of the scientific community (Druckman and McGrath, 2019). In medicine, despite consensus on
the safety of childhood vaccinations, the anti-vaccine movement has gained traction by casting
doubt on the evidence and motives of research. In politics, the proliferation of “fake news” over
social media during the recent U.S. presidential election highlights the importance of uncertain
expert credibility (The Economist Magazine, 2016).

We focus on a stark environment with no direct signals of source credibility. This is a simpli-
fication but reflects the reality that evaluating credibility by comparing predictions to outcomes
in a controlled environment is difficult in the real world. Furthermore, credentials (PhDs, Nobel
Prizes, and so on) are often of uncertain informativeness themselves and may not be very in-
formative about the credibility of a source’s opinions for a specific state. DellaVigna and Pope
(2018) run a large experiment in which economists forecast the effectiveness of different incen-
tive treatments on subjects, and find that objective measures of expertise are unrelated to forecast
accuracy.

2.2. Learning

Suppose the agent has the prior that the state and credibility are independent with marginal
probabilities a)g for the state and wy, for each credibility type c. Let the agent observe a sequence
of n signals, denoted s, = (s1, 52, ... S,), where one signal is observed each period.

A Bayesian’s posterior belief P(c, 0]s;) equals:

([T7=1 Plsile, 0)) e
Y 20 (=i Pstle, 0)) wg

4

P(c,0lsy) =

ey
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When forming her posterior, the Bayesian uses her prior belief w{; about source credibility to
weight the likelihood of signals (]_[;’: 1 P(stle, 9)) in a single step. Her posterior beliefs depend
only on her prior and the information content of signals, defined as:

Definition 1 (Information content). The information content of any signal path s, is given by
the number of “a” signals n, and the number of “b” signals ny,.

We propose that individuals make a mistake that we call pre-screening when faced with the
problem of determining how much weight to apply to a source’s signals. A pre-screener mis-
takenly uses updated beliefs about credibility when weighting signals instead of using priors.
She updates in two steps. First, she forms an updated first-stage belief about credibility, denoted
kc(sn), using Bayes’ Rule. Second, she uses this updated belief «.(s;) to weight the signals s, in
forming her joint posterior of state and credibility, denoted P*(c, 8]s;,). The key mistake is that
she uses «.(s;,) to evaluate all signals, whereas a Bayesian uses her prior wy.

To illustrate, suppose a pre-screener observes two signals, one in each period. After observing
the first signal (s1), the first-stage updated belief about credibility, k. ({s1}), is:

c (%
cellsr)) = bz PO 000
2 e D9 Psile, )wjwf

Using k. ({s1}) to form the joint posterior belief on the state and credibility, P*(c, 0|{s1}), yields
the pre-screener’s posterior beliefs after the first signal:

P(sile, Ok ({s1)af)
> Yy PGsile, O)kc({sihHaf)

After observing the second signal (s»), the pre-screener’s first-stage updated belief about credi-
bility, k¢ ({s1, 52}), is:

P (c,0l{s1}) =

Y9 P(s2]c,0) P*(c, 0l{s1})
Y29 P(s2lc, ) PS(c,0l{s1})
The pre-screener then uses «.({s1, s2}) to form her joint posterior belief on the state and credibil-
ity by re-weighting all the information from the source. The posterior, P*(c, 6|{s1, s2}), equals:
P(s2lc, 0) P(sile, O)ke({s1, s2))ep
Yo Yo P(sale, ) Psile, Orc({st, saDeogy

Iterating on the pre-screener’s process of repeatedly substituting newly-updated beliefs about
credibility for priors allows us to characterize her posterior beliefs.

ke({s1,$2}) =

P*(c,0|{s1,52)) =

Definition 2 (Pre-screener’s beliefs). After observing a signal path s, from a source, the pre-
screener’s first-stage updated belief about source credibility, «.(s;,), is given by:

ke(sn—1) D g ([T/=; P(stlc, 0)af)
S cke(sn—1) Yp (TTi=y Plsilc.0)asf)’

where «. (/) = w(j. The pre-screener’s joint posterior on credibility and the state, P*(c, 0]s;),
is given by:

@

Ke(Sp) =

(1_[;1:1 P(s¢lc, 9)) Kc(Sn)a)g
> >0 (T2 Pstle, ) k(s

5

P(c,0lsp) =

3
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2.3. Motivation and conceptual foundations

The central idea of pre-screening is that an agent may recognize that credibility is uncertain
but mistakenly treats credibility as an “ancillary parameter” when forming her final beliefs, or a
parameter that is beneficial or necessary to learn with some precision before weighing the data
using Bayes’ Rule.! Intuitively, a pre-screener forms data-dependent priors for the seemingly-
legitimate purpose of estimating an ancillary parameter (the first step) but overlooks double-
dipping the data in the final analysis when she uses her data-dependent prior (the second step).

Specifically, the first step of pre-screening, the first-stage update, occurs because the agent
faces a complicated problem with uncertainty over two parameters, one of which (credibility) is
essential to support the learning process but is not the agent’s principal object of study (hence
the term “ancillary”). The agent approaches the problem by first reducing uncertainty over the
ancillary parameter, a seemingly legitimate reason to use the data. She thus forms updated belief
k. (s,) about (:redibility.2

In the second step of pre-screening, the agent feeds the updated belief about credibility as a
“data-dependent prior” into her analysis to form her final posterior. For example, if the agent
thinks the source is not credible based on the data, she then thinks to herself, “I now think
the source is likely not credible, and my beliefs should reflect that I likely saw non-credible
signals.” She thus replaces w{ with kc(sp).> However, she crucially overlooks that using her
data-dependent prior in this way “uses the data twice” and double-dips the data. A Bayesian
always carefully separates her priors from the likelihood of the data.

We motivate pre-screening in two ways: First, from the observation that “using the data twice”
is an error that recurs in practice, and second, from psychological reasons underlying why indi-
viduals may double-dip the data.

Two statistical techniques illustrate the possibility of error in practice. Empirical Bayes (EB)
methods often initially use the data to reduce parameter uncertainty by calibrating data-dependent
priors over nuisance parameters, a seemingly-legitimate reason to use the data (Maritz and Lwin,
1989). For example, one common application first estimates nuisance parameters and plugs them
into a second analysis about the primary parameter of interest. However, a researcher may inad-
vertently double-dip the data if she is not careful. Carlin and Louis (2000) write that early EB
authors’ consistent “use of Bayesian tools ... while using the data twice (first to help determine
the prior, then again in the usual Bayesian way when computing the posterior) was not highly
regarded in the Bayesian community at the time.”

Posterior Bayes Factor (PBF) methods (Aitkin, 1991) are a variation of Bayes Factor meth-
ods that conduct model comparison. The method seeks to reduce uncertainty by first calculating
posterior parameter distributions before feeding these posteriors into the second step calculation
of Bayes Factors. However, the method plainly uses the data twice by using posterior instead of

1 We choose the word “ancillary” in line with its dictionary definition: “ancillary (adj.): A.1. Subservient, subordinate,
ministering (to). ... 3. Designating activities and services that provide essential support to the functioning of a central
service ...” (Oxford English Dictionary, 1989).

2 We view credibility as the ancillary parameter and the state as the principal object of study rather than the other
way around. A model where the agent updates on the state first makes predictions that are qualitatively very similar to
confirmation bias - for example, there would be no significant distinction between observing conflicting signals from
different sources versus a single source.

3 Definition 3 assumes ex-ante independence of states and credibility. We maintain this assumption both for simplicity
and because it isolates the effect of pre-screening on joint beliefs about the state and credibility without assuming any
correlation ex-ante. We provide a generalized definition in the Internet Appendix.
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prior parameter distributions in the second step, and this double-dip has drawn intense criticism.
For example, O’Hagan (1991) writes that the method “suggests that we obtain the posterior dis-
tribution using the whole data vector, and then reuse all these data to effect model comparisons.
Such a procedure is quite evidently non-coherent.”

Pre-screeners make errors analogous to those in these two statistical methods. A pre-screener’s
first step of narrowing uncertainty over an ancillary parameter is analogous to estimating a nui-
sance parameter in EB methods and calculating posterior parameter distributions in the PBF
method. The second step of overlooking the re-use of data in pre-screening is analogous to plug-
ging estimated nuisance parameters into Bayes’ Rule in EB methods and the substitution of the
posterior for the prior in PBF methods. These analogies are imperfect since, for example, pre-
screeners specifically update about credibility first, and also form a joint distribution over both
credibility and the state in the second step. However, they illustrate that mistakenly using the data
twice recurs particularly when the first use is to narrow uncertainty about objects that are not the
primary object of study.

Individuals have also made the error of first using the data for some purpose before over-
looking a second use of the data in several applied settings. Lo and MacKinlay (1990) criticize
empirical tests in finance by noting that several statistical tests are invalid where “the construc-
tion of test statistics is influenced by empirical relations derived from the very same data used in
the test.” In neuroscience, Vul et al. (2009) show that published correlations between measures
of brain activation and personality are biased because studies use the same data to both calcu-
late the correlations and select which data points to correlate.* In both examples, the use of data
for a seemingly legitimate purpose (test construction and sample selection) led researchers to
double-dip the data when conducting their primary analyses.’

Several related psychological reasons underlie why individuals may erroneously double-dip
data. Lord et al. (1979) conjectured that individuals make this mistake when noting that their
experimental subjects tended to use “evidence already processed ...to bolster the very theory
that initially ‘justified’ the processing bias.” As Rabin and Schrag (1999) discuss, the mistake is
analogous to a teacher who first assigns a student a low grade because she unfavorably interprets
an unclear answer from the student as consistent with priors about low ability, but then goes on
to erroneously use the low grade as further or additional evidence of low ability.

Evidence from cognitive psychology about hindsight bias and the curse of knowledge sug-
gest that individuals who have seen data tend to behave as if they “knew it all along” and thus
have trouble ignoring information when the context requires using only prior beliefs. Whereas a
Bayesian carefully distinguishes her priors from subsequent data, there is a tendency for individ-
uals with “outcome knowledge to overestimate what they would have known without outcome
knowledge” (Fischhoff, 1975; Fischhoff and Beyth, 1975; Hawkins and Hastie, 1990). A core
tenet of leading cognitive models for hindsight bias (Hoffrage et al., 2000; Hertwig et al., 2003)
is that “If knowledge is constantly updated” then “inferences based on updated knowledge may

4 Kriegeskorte et al. (2009, 2010) dub this “circular analysis” and point out the problem in several fMRI studies.

5 As another example of why using updated beliefs might seem plausible, Subramanyam (1996) notes that, when the
error precision of a normally-distributed signal about a normally-distributed unobserved random variable is unknown,
a Bayesian can calculate the posterior mean by applying the updated signal-gain in the linear updating equation for the
mean, due to the Law of Iterated Expectations. This is due to the linear relationship between the posterior mean and
the realized signal in a Gaussian environment, and the procedure does not recover the joint posterior of the mean and
error precision. The non-monotone reaction to surprises in that paper occurs due to how the likelihood combines with a
Bayesian’s prior beliefs when signal precision is uncertain.
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be different from those based on past knowledge” (Hoffrage and Hertwig, 1999).° Relatedly,
individuals also suffer from the curse of knowledge, or the failure to accurately anticipate the
judgments of less-informed individuals (Camerer et al., 1989), as they are unable to ignore their
own additional information and imagine what it was like to be uninformed in the past. Madardsz
(2012) suggests that people overestimate how much others know what they know.

Relatedly, the literature has documented that individuals double-count data due to correla-
tion neglect (DeMarzo et al., 2003; Eyster and Rabin, 2010, 2014; Ortoleva and Snowberg,
2015; Eyster et al., 2018; Enke and Zimmermann, 2019). Individuals who exhibit correlation
neglect have difficulty recognizing the double-counting problem inherent in correlated signals
and thus tend to double-count data that contains information redundancies. Pre-screeners under-
stand correlation but engage in a different form of double-counting originating from their attempt
to resolve uncertainty about credibility more than they objectively should. The specific form of
double-counting in pre-screening distinguishes its predictions from those of correlation neglect.

Though the two steps of pre-screening—forming a first-stage belief and then feeding it into
final beliefs through a data-dependent prior—each deviate from Bayes Rule, one can consider
alternative models that adopt each step individually. We consider such models in Section 7 and
highlight how they differ from pre-screening in their mechanisms and predictions.

2.4. An example

An individual who is reasonably sure that he weighs 200 pounds steps on a scale with un-
known credibility, and the scale reads 300 pounds. A second reading also shows 300 pounds.
What would a Bayesian and pre-screener infer after each signal?

In the following example, the Bayesian’s belief about weight moves progressively towards
300 pounds after each signal of 300 pounds, even though he also believes the scale might not
be accurate. In contrast, a pre-screener’s belief about his weight moves very little towards 300
pounds, and will move back towards 200 pounds after the second signal, as he concludes the
scale is almost certainly inaccurate. The stark difference in this illustration occurs because the
pre-screener erroneously acts as if he had updated beliefs about credibility all along.’

Let the individual’s weight 6 € {200, 300} pounds be the unknown state of the world, and
suppose the scale can read either 200 or 300 pounds. Both the Bayesian and pre-screener are
uncertain about the scale’s accuracy, which can be accurate (gg = 0.9) or inaccurate (g; = 0.5).
They share the same priors that their weight is probably 200 pounds (w%oo =0.98) and that the
scale is probably accurate (a)g = 0.80). Fig. | reports posterior beliefs.

Given prior beliefs, the first reading of {s;} = {300} is quite a surprise. The Bayesian’s
marginal posterior beliefs equal P (6 = 200/{300}) = 0.91 and P(c = H|{300}) = 0.48. Even
though the Bayesian’s posterior belief is that the scale is likely inaccurate, he is careful to reach
his joint posterior beliefs by combining the likelihood of the data with his prior belief that the
scale is accurate, wé’ = 0.80, following Equation (1).

6 For example, according to the RAFT cognitive process model (Hoffrage et al., 2000), hindsight bias is generated “if
individuals are unable to directly retrieve their initial judgment but try to reconstruct it by repeating the original judgment
process, this time, however, on the basis of the updated knowledge base” (Blank and Nestler, 2007). An implication of an
individual’s belief that she “knew it all along” in the past is that she also currently thinks that she “knew it all along” and
behaves accordingly. For example, Biais and Weber (2009) show that individuals exhibit more hindsight bias when not
explicitly reminded of their prior beliefs, and that hindsight bias is correlated with lower performance among bankers.

7 The Appendix provides the detailed equations for the pre-screener’s and Bayesian’s beliefs each period.
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Fig. 1. The scale example. Parameter values equal (¢y, g7, w(z)oo, w(’)'[) =(0.9,0.5,0.98, 0.8). Signals are s; = 300 each
period.

A pre-screener’s marginal posteriors equal P*(6 = 200]|{300}) = 0.96 and P*(c = H|{300})
= 0.18. He reaches his joint posterior beliefs by erroneously combining the likelihood of the data
with an updated belief that the scale is likely inaccurate, kg ({300}) = 0.48 (Equations (2) and
(3), not shown in the figure). This “double-dipping” leads him to update insufficiently towards
the belief that he weighs 200 pounds and too much in the direction that the scale is inaccurate.

After a second reading, the Bayesian’s marginal posterior beliefs equal P (6 = 200|{300, 300})
=0.80 and P(c = H|{300, 300}) = 0.29. Notice that the Bayesian’s belief about his weight pro-
gressively moves away from 200 pounds after each signal (from 0.98 to 0.91 to 0.80), even
though his trust in the scale progressively drops.

In contrast, the pre-screener’s beliefs equal P*(6 = 200/{300,300}) = 0.97 and P*(c =
H|{300, 300}) = 0.01. His posterior probability that he weighs 200 pounds increases (from 0.96
to 0.97), which is the wrong way relative to the Bayesian. This is because he erroneously thinks
that his updated belief that the scale is likely inaccurate, kg ({300, 300}) = 0.09, should apply
to all of the scale’s readings, leaving him fairly confident that he is 200 pounds, close to what
he initially believed. After all, if the scale is probably inaccurate, then he thinks that all of its
readings are more questionable than he originally thought. Put yet another way, the pre-screener
thinks: I now think the scale is not credible, and my beliefs should reflect that any concern I had
about being overweight stemmed from not-credible readings. Therefore, he is now (erroneously)
less concerned about being overweight.

It takes the Bayesian only three signals to begin inferring that the scale is likely accurate.
His belief about weight progressively moves away from 200 pounds with each signal. It takes
the pre-screener six readings to begin believing that the scale might be accurate, and during this
time, his belief about weight is moving towards 200 pounds—the wrong way—before reversing
afterwards. Upon the seventh reading, he begins to recognize that the scale may be credible and
re-evaluates the evidence he has received in light of more favorable updated first-stage beliefs.
He thinks: Perhaps the scale is credible and the readings of 300 pounds that I saw were accurate.

9
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Upon the eleventh reading, the pre-screener thinks he is probably 300 pounds and that the scale
is very credible, so he revises his beliefs sharply toward 300 pounds.®

3. Pre-screening and disagreement
3.1. Disagreement about the state 0

Our first result, provided in Proposition 1, shows that any disagreement about 6 between a
Bayesian and pre-screener or two pre-screeners is fully characterized by disagreement about
credibility c¢. We first establish Lemma | which provides the key intuition and relates the pre-
screener’s belief about 6 to a Bayesian’s belief. We assume all agents share common priors
(g, of) € (0,1) x (0, 1).

Lemma 1 (Beliefs about 0). Suppose a pre-screener and Bayesian observe signal path s,,. Pre-
screeners and Bayesians share the same posterior conditional probability of the state:

P (@ lcisp) =P |cisn), )
and therefore the pre-screener’s marginal posterior belief about 6 equals:

PO |s))=P@Olc=L;s,)+[P@|c=H;sy) —P(@|c=L;sp)]x P’ (c=H|sp).
&)

Lemma 1 establishes that, after observing s,, any posterior disagreement about the state be-
tween a pre-screener and Bayesian is fundamentally about the credibility of the source’s signals.
Given a source type c, the two agree about the posterior conditional probability of the 6 (Equa-
tion (4)). Thus the pre-screener’s belief about 8 can only differ from a Bayesian’s belief if her
belief about ¢ differs (Equation (5)). The Lemma leads to Proposition 1.

Proposition 1 (Disagreement about ). Let signal path s, be given.

1. If a pre-screener and Bayesian both observe s, the difference between their marginal poste-
rior probabilities over 6 equals:

PO |sy)—P@O|sy)=[P@O|c=H;sy)— PO |c=0Lss,)] (6)
x [P (c=H|sy)— P(c=H|sy].

P(c=H|sy)(1—ol)

=1, where s, is
P(c=L|sm)(wfh ’ "

This difference equals zero if and only if ny = np, or [ [},,_;

the sequence of the first m signals of sy.

2. Let X(s,) be the set of permutations of s,. Let pre-screeners X and Y observe sl}f and s,{ ,

respectively, where s,}f , s,{ € X(sy). The difference between the two pre-screeners’ marginal

posterior probabilities over 0 equals:

8 If individuals are uncertain of whether the scale is biased towards one state instead of its accuracy, qualitative insights
are similar. Section 5 discusses such “slant” further.
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P’ (9|s3f)—PS (9|s,{)=[P(9|c=H;sn)—P(9|c=L;sn)] %)

x[PS(c=H|sf)—Ps(c=H|s,{)].

— X — Y
This difference equals zero if ng =np or [ [, _, % =[1n— %.

Proposition 1 says that disagreement about the state occurs (the left-hand side of Equations (6)
and (7) is not zero) if and only if credibility objectively matters (the first term on the right-hand
side is not zero) and there is disagreement about credibility (the second term is not zero). There
is no disagreement about the state if credibility objectively does not matter (n, = nj) or there is
no disagreement about credibility. We discuss the condition for when there is no disagreement
about credibility in the next subsection.

A key implication of Proposition 1 is correlated disagreement: A pre-screener thinks the state
objectively favored by s, is more likely than what other agents think if and only if she thinks
¢ = H is more likely. For example, suppose the signals objectively favor state A (n, > np).
Then P(@=A|c=H;s,) — PO =A]|c=L;s,) >0, and the objective posterior probability
of state A is objectively higher when the source is more credible. As a result, differences in beliefs
about 6 = A on the left-hand side of Equations (6) and (7) have the same sign as differences in
beliefs about ¢ = H on the right-hand side. Identical arguments for B apply when nj > n,.

To simplify the exposition going forward, we define the following:

Definition 3 (Over- and under-trust). Given any signal path s,, a pre-screener overtrusts the
source if PS(c = H|s,) > P(c = H|s,) and under-trusts if P*(c = H|s,) < P(c = H|s,).

Part 1 thus says there is correlated disagreement between a pre-screener and a Bayesian in that
the pre-screener thinks the objectively-favored state is more likely than a Bayesian thinks if and
only if she overtrusts the source. Conversely, she thinks that state is less likely than a Bayesian
thinks if and only if she under-trusts the source.

Part 2 says that there is also correlated disagreement between two pre-screeners in that pre-
screener X thinks the objectively-favored state is more likely than pre-screener Y thinks if and
only if she also thinks the source is more credible. The next section characterizes disagreement
about credibility. A key result is that X and Y can disagree about credibility due to different
ordering of signals even if sX and s} have identical information content.

3.2. Disagreement about credibility ¢

The reason disagreement about credibility occurs is that a pre-screener’s final posteriors er-
roneously depend on the order of signals. To see why, expand the recursion of «.(s,) in the
pre-screener’s posterior belief in Equation (3) to obtain:

Be (Sn)H?zl P (s;|c,0) a)gw(c)
> e Be(sn) Dy H?:] P (st |c,0) 508608’

where B.(s;) summarizes the cumulative effect of pre-screening through time on beliefs:

Be(sn) = (Z P(s1|c,9)a)8> X <Z P(s1|c,0)P(s2|c,9)w8) X ...
0

0

P (c,0 |sp) = ®)

11
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X (Z P(s]|c,9)P(S2|c,9)...P(sn|c,9)wg>
6

= ]‘[ (Z (ﬁ P(s,|c,9)> wg> ) )

m=1 % t=1

A pre-screener’s posterior beliefs depend on signal order because S.(s,) depends on signal
order. Early signals appear more often in f.(s,) because agents substitute first-stage updated
beliefs about credibility for time-0 priors every time they update. When early signals indicate
high credibility, By is high and B is low. This can occur when early signals are consistent with
each other (e.g., {s1, 52} = {a, a} when a)g‘ = 1/2) or priors (e.g., {s1} = {a} when a)g > 1/2).
Conversely, when early signals indicate low credibility, Bg is low and By, is high.

Pre-screening thus leads to a first impression bias where early signals of credibility have an
outsized influence on beliefs through their effect on .. Proposition 2 characterizes this effect
through By (s,)/Br(sn), which we shorten to By /BL(Sy)-

Proposition 2 (Disagreement about c). Let s,, be given.

1. P°(c=H|s,) > P(c=H|sy,) ifand only if By /BL(Sy) > 1, with equality holding if and
only if By /BL(sn) = 1.

2. For any sX.sY € %(s,), P*(c=H|sY) = P*(c=H|s)) if and only if B /BL(SY) =
Br/BL(sy), with equality holding if and only if Br/BL(s;) = Br /BL(S))-

P(c=H sm)(1 o)

Finally, note that B /Br(sn) =[] —; Pe=Lism @l

in terms of objective parameters.

Part 1 says that a pre-screener over-trusts the source if and only if Sy /81 (s,) > 1 and under-
trusts the source if and only if Sy /8L (s,) < 1. By Proposition 1, overtrust (under-trust) directly
leads the pre-screener to think the objectively-favored state is more (less) likely than a Bayesian
thinks. The condition for no disagreement about credibility in Proposition 1 Part 1 is identical to
Bu/BL(sy) =1.

Part 2 makes an analogous statement about disagreement over credibility between two pre-
screeners X and Y who observe sX and s? that have identical information content but signals
in different orders. If the signal order in sX generates higher B /B (s,) than s! generates, then
pre-screener X thinks the source is more credible than pre-screener Y thinks. By Proposition 1,
X also thinks the objectively-favored state is more likely than Y thinks.

The Proposition also shows how to interpret the key term Sy /81 (s,) in terms of objective pa-

— _H
rameters, B /Br(sn) = [1n—1 %’W. This formulation of B8y /B (s,) demonstrates

that a pre-screener’s over- or under-trust depends on the cumulative effect of the substitution
of first-stage updated beliefs about credibility on subsequent beliefs about credibility. Each mth
term of By /B (s,) is the objective posterior odds that the source is high credibility given subse-
quence s, divided by the prior odds. Because any s,, necessarily includes the signals previously
observed in s,,_1, S;;—2, and so on, early signals and their initial effects on objective credibil-
ity have an outsized influence on By /B (s,). Thus, a pre-screener’s final beliefs are influenced
by first impressions about credibility. In contrast, a Bayesian’s beliefs are independent of signal
order.

12



L.-H. Cheng and A. Hsiaw Journal of Economic Theory 200 (2022) 105401

Corollary 1 fleshes out the above discussion by considering how changing signal order affects
Br/BL(sn). Let s, contain at least one a and b (0 < n, < n), and consider two permutations
that differ only in how they order a single (a, b): Let sX,s! € ©(s,) with (s/).( , s}‘H) = (a,b)
and (s]Y, s}/ﬂ) = (b, a) for some j < n. (For example, if s, = (a, a, a, b), consider sff =s, and
s,’,’ =(a,a,b,a) with j =3.) Let n,, ;1 and np_;j_ be the information content of s;_; (i.e., the
number of a and b signals through j — 1, respectively), which is common to both sff and s,f .
Whether B8y /8L (s,’f ) is greater or less than By /BL (s,’: ) depends on the information content of
s;—1 and prior beliefs.

If the information content of s;_; sufficiently indicates state A, the additional b in s}/ com-
pared to s;( results in By /BL (s,{ ) < Bu/BL (s,)f ) irrespective of prior beliefs (Part 1). The reason
is that the additional b in sf leads to lower objective beliefs about credibility than sf since it
P(c=H|s! P(c=H|s%

(C s’) < (C i ) This lower be-
Ple=Lisf) ~ P(e=LIsY)
lief about credibility at j influences the interpretation of subsequent signals and culminates in
Br/BL(sY) < Br/BL(S)).

If the information content of s; 1 only weakly indicates state A, then it is also possible that
Bu/BL (s,lf) > Bu/BL (s,)f ) when priors strongly favor state B. The reason is that the additional

b in s}/ is consistent with priors about the state even though it is inconsistent with the previ-

ous information. Thus, s}' can generate either lower or higher objective beliefs about credibility

is inconsistent with the strong evidence favoring A:

compared to si.( . Because these beliefs color the interpretation of subsequent signals, the ultimate

relationship between By /8L (s}f ) and By /BL (sff ) is ambiguous. Analogous reasoning applies if
the information content of s; | favors B (Part 2 of the Corollary).

Corollary 1. Let s,, with 0 < n, < n be given, and consider sff , s,{ € X(s,), which are identical
except for (s]X,stH) = (a,b) and (s}/,sjYH) = (b,a) for some j <n. Let dj_1 =ng4 j_1 —

np j—1.

s _H
1. Case 1:d;_y > 0. There exists a d;:l > 0 such that %m

foralldj_; > d;'.‘_l. By implication, if dj_1 > d;'.‘_l, then By /BL (s,)l/) < ﬂH/,BL(sff). Other-
wise, the effect is ambiguous.

is increasing in dj_1

.. . *% P(C:H|Sj*l)(1_wg)
2. Case 2:dj_y <O0. There exists a dj_l < 0 such that Ple=Lis, 1)@l

foralld;_1 < d;‘il. By implication, if dj_1 < d;‘.‘fl, then By /BL(SY) > Bu/BL(sX). Other-
wise, the effect is ambiguous.

is decreasing in d;_1

More broadly, Corollary 1 suggests that pre-screeners tend to interpret signal sequences with
early mixed messages about the state as less credible than other signal sequences that have the
same objective information content. We show in the Appendix that, for the special case of a){)‘ =
1/2, re-ordering signals so that alternating the signals first generates the least trust in the source,
while re-ordering so that the longest consistent streak appears first generates the most trust.”

9 For a)g = 1/2, posterior beliefs about credibility do not depend on whether the information content of s, is consistent
with prior beliefs about the state. They depend only on the likelihood function, which simplifies the intuition preceding
the statement of the Corollary.
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Despite the first impression bias, Proposition 3 shows that, as n — 0o, pre-screeners learn the
truth if and only if Bayesians do. The reason is that signals are weakly positively correlated with
the truth, and therefore sufficient signals overcome the first-impression bias.

Proposition 3 (Asymptotic agreement). Let ¢’ and 0’ be the true credibility and state of the world
selected by nature. Pre-screeners and Bayesians agree in the limit, with pre-screeners learning
the true state if and only if Bayesians do:
lim P*(c=c"|sy)= lim P(c=c"[s,) =1
n— o0 n—o0
1 ifd =Horqp>1/2

lim P (0 =6"|s,)= lim P(6=0"|s,) = / .
( 1) n— 00 ( 1) o) ifcd’=Landq,=1/2

n—0o0

Proposition 3 relies on g7, > 1/2: pre-screeners learn the truth because signals from both cred-
ibility types are weakly positively correlated with the true state. Section 5 introduces an extension
where signals may be negatively correlated with the state because sources are slanted toward one
state. In that case, pre-screeners may become certain of the wrong state even if Bayesians do not
learn the truth.

3.3. Endogenous over- and underreaction to new information

Suppose a pre-screener has observed signal path s, and has posterior w;,. When do the
pre-screener’s beliefs about the state over- or under-react in response to the next signal s,41,
compared to a Bayesian endowed with prior w;,? We say that the pre-screener has over-reacted
(under-reacted) to new signal s,,4+1 if she updates more (less) toward the state indicated by s;,+1
than the endowed Bayesian does.

Proposition 4 characterizes how a pre-screener’s beliefs react to news in terms of the sign of
a new statistic, n(s,+1). The sign depends on two terms: (a) whether the information content of
Sn+1 supports A (equivalent to whether P(A|H; s,+1) — P(A|L; sp+1) > 0), and (b) whether the
evidence increases first-stage trust (whether kg (S;4+1) — kg (Sz) > 0).

Proposition 4 (Over- and under-reaction to new information). Let o), equal the pre-screener’s
Jjoint posterior after signal path s,, and define:

N(Sn+1) = (P(A|H; 8p41) — P(A|L; Sp11) (KH (Spt1) — KE (Sn)) -
Then:
1. Relative to Endowed Bayesian:
(a) P10 = Alspy1] > P[0 = Alprior = wy,, {sp+1}] if n(Sp41) > 0,
(b) P°[0 = Alsny1] < P[0 = Alprior = wy,, {sp-1}] if n(Sn41) <O,
(c) P10 = Alsp11]= P[0 = Alprior = w),, {sn+1}] if n(8p41) =0.
Furthermore, sgn(n(Sp+1)) is fully determined in terms of objective parameters by the infor-

mation content of S,4+1 and the following condition: kg (S,+1) — kg (Sy) > 0 if and only if
P(c=Hlsy+1) > a)gl, with equality if and only if P(c = H|sp+1) = a)gl.
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2. P%(c,0lspy1) = P*(c, Olprior = ), {sp11}) if and only if P*(cls,) = w.

The key implication of Proposition 4 is that whether agents over- or under-react to a new
signal 5,41 depends on not only whether the signal confirms or contradicts the existing evidence
Sn, but also on the sign of n(s,1). Table 1 maps out the key possibilities. For brevity, we focus
our discussion on the case in Panel (a) where the information content of the existing evidence
s, indicates A and 7n(s,+1) # 0. In this case, the sign of 7(s,41) is identical to the sign of
kg (Spr1) — KH (Sp).

For new signals that confirm existing evidence (s,+1 = a), pre-screeners will over-react if
first-stage trust is high (Part 1a) and under-react if first-stage trust is low (Part 1b). The intuition
for the under-reaction is that, even though the signal is confirmatory and the pre-screener and
endowed Bayesian begin from the same beliefs, x (S,+1) may be too low relative to k (s;,) (the
effective prior over the informativeness of s, for the endowed Bayesian). The low kg (s;+1)
weighs down the pre-screener’s perceived informativeness of the total evidence s, 1, which sup-
ports A.

For new signals that contradict existing evidence (s,+1 = b), pre-screeners will under-react
when first-stage trust is high (Part 1a), and over-react when first-stage trust is low (Part 1b). This
under-reaction is similar to models of confirmation bias (Rabin and Schrag, 1999), while the
over-reaction is the opposite. We label this over-reaction the undercutting effect. In this case,
contradictory information undercuts the first-stage belief k7 (s,+1) and excessively undermines
the history of evidence s, (in particular, the evidence s, which supports A) in the second step.
In essence, contradictory signals can lead pre-screeners to over-react because they wonder, “Can
I trust anything they said?”

The Proposition shows that whether x g (s,+1) > kg (S,) is equivalent to whether P(c = H |
Sn+1) > a)g’ . Intuitively, the pre-screener’s first-stage belief about high credibility increases when
the evidence objectively increases the likelihood that the source is high credibility relative to the

Table 1

Over- and under-reaction to confirming and contradictory news. This table shows
when pre-screeners’ beliefs over- and underreact to a new signal s, for cases where
1n(sp+1) # 0. Panel (a) considers the case where the information content of the existing evi-
dence s, indicates A while panel (b) considers B. The table omits two cases where the new
signal 5,1 leads to 1(s;4-1) = O; that is, when 1) the information content of s,, | indicates
neither state, or2) P(c = H |s,4+1) = wgl . In both of these cases, Part 1(c) of Proposition 4
applies and pre-screeners’ and Bayesians’ beliefs have the same reaction to s, . Finally,
note that, from Proposition 4, kg7 (S;4-1) > kg (sp) if and only if P(c = H |s;41) > w(l)i,
with equality if and only if P(c = H |s,11) = o{l.

(a) s, indicates A

KH (Sp1) > kg (Sn)

KE (Sp+1) < kg (Sn)

n(sp+1) >0 n(sp+1) <0
Sp+1 = a (confirm) Overreact Underreact
Sp+1 = b (contradict) Underreact Overreact
Proposition 4 1(a) 1(b)
(b) s, indicates B KH (Sp+1) > kg (Sn) KH (Sp+1) < kg (Sn)
n(sp+1) <0 n(sp+1) >0
Sp+1 = a (contradict) Underreact Overreact
Sp+1 = b (confirm) Overreact Underreact
Proposition 4 1(b) 1(a)
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pre-screener’s prior on credibility. This effect occurs when the information content of s, suffi-
ciently favors one state, where stronger information is required when the information contradicts
the prior about the state.

The scale example in Section 2.4 combines several of the above intuitions. Suppose state A
is that the pre-screener’s weight is 300 pounds, state B is that his weight is 200 pounds, and
that her prior strongly favors B. The agent initially under-reacts to readings of a but then over-
reacts after more readings. According to Proposition 4, the initial under-reaction occurs because
n(sp+1) < 0. The early signals of a support A: P(A|H;s,+1) — P(A|L;s,+1) > 0. However,
they combine with the strong prior of B to generate low first-stage trust: kg7 (S,+1) — kg () < 0.
Thus, the agent initially under-reacts to each successive signal 5,41 = a even though they confirm
the existing evidence. Eventually, the pre-screener over-reacts to further signals of a because
sufficient a’s lead to high first-stage trust: kg (s,41) — kg (s) > 0 and thus 7(s,+1) > 0.

Part 2 of Proposition 4 shows that the effect of a new signal s;,,11 on a pre-screener’s beliefs
cannot be summarized simply by its effect on w} . This is because the pre-screener re-evaluates all
the evidence s, in light of the new first-stage belief kg (s,+-1). In contrast, a Bayesian updates
identically irrespective of whether she is endowed with a belief or observes a history of signals
consistent with that belief: P(0 = Als,+1) = P(6 = A|prior = o}, {sp+1}), where w" equals
the Bayesian posterior generated by s,,.

4. Multiple sources

Pre-screener’s beliefs are not only influenced by the order of signals, but also by the order of
sources. The reason is that a source’s signals exert an outsized influence on how the pre-screener
interprets signals from subsequent sources.

Suppose the pre-screener receives signals from two sources, with credibilities ¢; € {H, L}.
Source 1 sends signals first, and source 2 sends signals after source 1 is finished. As before,
each source j € {1, 2} sends one signal per period ¢, denoted s;;. Each signal sent by source j
is independent of all other signals sent by any source, and nature draws each source’s credibility
independently of each other. Therefore, P(s;; | ¢j, ck,6) = P(s;j | cj,6) forall t and j # k. Let
sp; denote the sequence of n signals sent by source j, s,,,0 denote the sequence when only
source 1 has sent its signals, and s, », = {Sn,, Ss,} denote the entire sequence of signals sent
from both sources.

The pre-screener now faces three sources of uncertainty—the two credibility types and the
state of the world. We assume agents start with independent priors over all three unknowns
(a)(‘)“, wé{ L wéi 2) € (0, 1)* and think of the two sources symmetrically ex-ante with a)g I = a)é{ 2,

Pre-screening extends naturally from one to multiple sources. The pre-screener first forms a
first-stage joint belief about (c1, ¢2) using Bayes’ Rule, denoted k¢, (), and then forms posterior
P?¥(cy1, ¢2,0]8n, ,n,) after substituting ¢, , (-) for her prior a)gl a)gz. For example, upon observing
the last signal from source 1, the pre-screener’s first-stage updated belief is:

Kepey (Sny—1,0) (ZG (H’tll P(ss1lct, 9)) 608)

Keyer (Snp0) = . (10)
Ay Y ke (5m—1.0) (X (TT1L, P(sitler. 6)) wf)
The pre-screener’s posterior belief is then:
" P(s1lc1,0)) Keyeo (S w?
P (e1, 62,0l 0) = oLz PORICL O) ey G 00 (n

Yoy Yoo 2o (T PCsiler, 0)) keyey (Sny 000
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Expanding the recursion, we can write her posterior belief as:

/301 (Snl) ( :l;l P(ss1]er, 9)) wglwgzwg
Yoy Xy Ber(5n)) X (TTEL) Plsinler. 0) w0 e
for Be, (5n) =10, (Xg ([T, Plsiiler, 0)) §) and B, () = 1.

After observing the last signal from source 2, the pre-screener’s first-stage updated belief
equals:

P’(c1,¢2,0(80,,0) =

12)

Kclcz(snl,nz)

(2 (T2, Psialen, ) (T, Psialen, ) @ ) Keves (o)

X0 X (X0 (T Ptz 0) (T PGler, 0)) o ) keres Garomn1) "
and her final posterior belief equals:
Pi(c1, ¢2,018n,,n,)
(T2, PGsialea, ) (TToLy Plsinler, 0) kees(5n,.n)e0 ”

ZCZ ch Ze (H?;Jnrlni] P(si2|ca, 9)) (H:l] P(st1lers 9)) Kc]C2(Sn1,n2)w8
Expanding the recursion, the pre-screener’s final posterior belief equals:
Pi(c1, ¢2,018n,,n,)
(H?;I{’i] P(s2lea, e>) (TT'L, P(siiler. ) g g2 @f Bey (ny)Beres (Snyny)

Zcz ch 20 ( ?]:jl_lnil P(sp2le, 9)) (1_[1:;1 P(Stl|cl»9)) w(c)l wgzwgﬂq (Sny)Beicy (Sny.ny)
s)

where B¢, (Snyn,) = Hnml:r712+l (ZG (H;n=n]+1 P(si2|ca, 9)) ( :ll P(siler, 0)) a)g)

Proposition 5 characterizes how perceptions of source 1’s credibility exert an outsized influ-
ence on how the pre-screener interprets source 2’s signals. The Proposition considers how final
beliefs change when we re-arrange source 1°s signals and thus change By, /BL, (sn,). Recall that
B, /BL, (sn,) captures how pre-screening distorts the agent’s beliefs about source 1’s credibility,
with higher values associated with beliefs about higher credibility. The Proposition provides nec-
essary and sufficient conditions under which increasing By, /L, (s,,) makes the agent believe
source 2 is more credible and that state A is more likely. As a benchmark, a Bayesian’s beliefs
are always invariant to signal order.

Proposition 5 (Effects of credibility of source 1 on beliefs). Let s,, n, be given. Re-arranging
source 1’s signals to increase By, /BL,(Sn,):

1. Increases P*(Hi|Sp, n,)-

. ., PS(H2|Hy;8py 0 . . .
2. Increases P°(H3|Sp, n,) if and only if W > 1, and decreases if and only if strictly
) )ll,f’lz

less than (<).

. . P‘Y(A‘Hlisnl.nz)
3. Increases P°(Als,, n,) if and only if P AL 150y ng)

less than (<).

> 1, and decreases if and only if strictly
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PS(H2|H1;Sn1,n2) PS(A|H1;SV,1_”2) . .
In the proof, we show that P LI 150, n) and P CATL 150, n) are fully determined in terms of

objective parameters by the information content of S, n,.

Part 1 says that re-arranging source 1’s signals to increase By, /BL,(Ss,) increases the pre-
screener’s perception of source 1’s credibility, even after source 2 has spoken. Part 2 says that
doing so also affects the pre-screener’s final belief about source 2’s credibility. The intuition
is that increasing the pre-screener’s perception of source 1’s credibility increases (decreases) her
perception of source 2’s credibility if source 2’s early signals are sufficiently consistent (inconsis-
tent) with source 1’s information content. Such consistency (inconsistency) leads the pre-screener
to think that source 2 is more (less) likely to be high credibility when source 1 is also the high
credibility type than when source 1 is the low credibility type. In this way, a pre-screener’s “first
impression” of source 1’s credibility casts a shadow over how the pre-screener ultimately views
source 2.

Table 2 illustrates how Part 2 works when we re-arrange signals to increase source 1’s credibil-
ity. In the examples, source 1’s information content indicates state A, and source 2’s information
content indicates state B. Going from Row 1 to Row 2, rearranging source 1’s a signals so that
they appear earlier increases Bp, /BL, (Sy,) and her credibility. This change decreases source 2’s
credibility since source 2’s early signals are inconsistent with source 1’s information. The same
re-arrangement of source 1°s signals in Rows 3 and 4 increases source 2’s credibility since source
2’s early signals are consistent with source 1’s information.

Part 3 summarizes how re-arranging source 1’s signals affects beliefs about the state. Increas-
ing the credibility of source 1 by increasing B, /B, (Sn,) moves beliefs about state through two
effects. First, there is a direct effect of increasing source 1’s credibility that moves beliefs toward
the state suggested by the source 1’s information content. Second, there is an indirect effect:
increasing By, /BL,(sn;) changes source 2’s credibility per Part 2. If increasing By, /Br,(Sn,)
decreases source 2’s credibility, then the indirect effect moves the agents’ beliefs away from the
state suggested by source 2’s information content. For example, if source 2’s information con-
tent suggests B, then the indirect effect moves beliefs away from B. If Sy, /8L, (sn,) increases
source 2’s credibility, the indirect effect moves beliefs toward the state suggested by source 2’s
information content.

Intriguingly, it is possible for the indirect effect to overturn the direct effect when they con-
flict, so that increasing source 1’s credibility moves beliefs away from the state suggested by
source 1. Corollary 2 first shows that a necessary condition is that source 2’s information must
be objectively stronger than source 1’s information. It next shows that the direct effect always
dominates the indirect effect when source 2’s information is weaker than source 1’s information.
In the proof of Proposition 5, we provide further examples of each case.

Table 2

Pre-screener’s and Bayesian’s beliefs with multiple sources. Parameter values equal (qp,qr, a)(’;‘, w(l;{ 1 wéi 2y =
(0.7,0.55,0.5, 0.5, 0.5). In all rows, the Bayesian’s posterior beliefs are P(Hj|sp; n,) = 0.441, P(Hp|sp; n,) = 0.400,
and P(Alsp; ny) =0.506.

BHy (5n)) PS(HalHySnyny) P (AIHSn )

Row Sny Sny ﬁLl(S”l) PS(HZ‘LI;SHIJZQ) PS(A|L1§5n1,n2) PS(Hllsnl,nz) P‘Y(Hzlsnl,nz) Ps(Alsn],nz)
1 {a,b,a} {b,b,b,a,a} 0.720 0.522 1.423 0.131 0.368 0.463
2  {a,a,b}{b,b,b,a,a} 0974 0.522 1.423 0.169 0.361 0.470
3  {a,b,a}{a,a,b,b,b} 0.720 1.055 1.337 0.224 0.279 0.492
4 A{a,a,b}{a,a,b,b,b} 0974 1.055 1.337 0.283 0.280 0.500
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Corollary 2. Without loss of generality, suppose ng1 > np1. A necessary condition for increasing
B, /BL,(sn,) to decrease P*(AlSp, n,) is |na2 — np2| > ng1 — np1. A sufficient condition for
increasing By, /BL, (Sn,) to increase P°(AlSy, n,) is |ng2 — np2| < ng1 — np1.

5. Extensions

In the Internet Appendix, we consider three extensions. First, we consider a setting where
agents are uncertain about whether the source may “slant” signals toward a given state, in that
the source probabilistically flips a signal towards a certain state before reporting it to the agent.
For example, an A-slanted source may report @ when her true signal was b with some fixed
probability. Sources are non-strategic as before. We show that the presence of slant can lead the
pre-screener’s beliefs to be sufficiently wrong that she becomes certain of the state even when
the evidence should not change beliefs about the state from priors. The possibility of slant thus
creates further scope for error by pre-screeners.

Second, we extend pre-screening to the case where a source may send multiple signals in
one period. We show that a source can countervail other sources more effectively by delivering
signals in a simultaneous “blast” rather than sequentially. This effect further illustrates how the
timing of signals can be important for persuasion.

Third, we show that key results hold when we allow for fading memory. Pre-screening as-
sumes that agents have memory over previous signals in that they evaluate the likelihood of
previous signals in light of first-stage updated beliefs k. (s;) every period. We allow for fading
memory in the manner of Mangel (1990) and Nagel and Xu (2019) by assuming that signals
farther in the past receive less weight in the likelihood function. The pre-screening process is
otherwise identical. We show that Propositions 1, 2, and 4 hold when comparing the pre-screener
with fading memory to the Bayesian with fading memory.

6. Application: speculative trade, bubbles, and crashes

The goal of this section is to illustrate the implications of pre-screening for prices and trade.
We adopt a simple trading game comparable to the model of Harris and Raviv (1993), which
features Bayesian agents who exogenously “agree to disagree” about source credibility. We show
that a similar game featuring pre-screeners can generate rapid changes in prices and positions that
are similar to speculative trade, bubbles, and crashes.

We first show that trading volume between pre-screeners weakly exceeds trading volume be-
tween Bayesians due to the speculative motive defined by Harrison and Kreps (1978). We then
show that pre-screening can lead to bubbles and crashes following the definition outlined by
Barberis (2018, p. 88). Prices can rise sharply before crashing endogenously, with some traders
“riding the bubble” and generating abnormal volume beyond what a Bayesian benchmark pro-
duces.

6.1. Pricing and speculative trade

6.1.1. Trading environment

Harris and Raviv (1993) features two groups of risk-neutral Bayesian agents who trade be-
cause they have different (exogenously fixed) beliefs over signal credibility. We adopt an anal-
ogous trading environment but with pre-screeners. Two groups of risk-neutral traders, X and Y,
trade shares of a risky asset at dates t = 1,2, ..., T. The asset makes a single random payment
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Fig. 2. Timeline of trading game.

of R immediately after the end of date 7. If the state 6 is A, then the payoff is R = 1. If the state
0 is B, then the payoff is R = 0. There are a fixed number of shares available normalized to 1
with no short sales. There is a risk-free asset whose return is zero.

Ateach date r =1,2,...T, both groups X and Y first observe a common public signal s; €
{a, b}, after which they update their beliefs and can trade at price p; determined in equilibrium.
Each signal s; is independent and identically distributed conditional on the true payoff, and comes
from a single unslanted source with unknown accuracy ¢. Let the public signal path as of period
t be denoted s; = {sy, ..., s;} where n, ; and np, ; are the number of a’s and b’s in s;, respectively.

How do prices and trade in the game between pre-screeners compare with prices and trade
when agents are Bayesians? If all traders had common priors just before trade opens at t = 1,
all agents would have identical beliefs during the trading period, regardless of whether they are
Bayesians or pre-screeners, because they observe the same signals in the same order.

To make things interesting, we assume that pre-screeners observe signals during t pre-trade
“burn-in” periods starting in period (—7 4+ 1) < 0 and ending at the end of period 0. X and Y
share common priors w_, before they see any signals. As before, we assume that the beliefs
about the state and credibility are independent in the prior: w_; = a)a_ra)c_r. During the pre-trade
periods, X and Y separately observe one signal per period cumulating in signal path sifre and

r X  and w?  at the end of period 0. Fig. 2 illustrates.

pre’ pre pre

We assume that the two pre-trade signal paths s;fre and szre have the same information con-
tent but that X and Y observe this information in different orders. For example, X might observe
s;fre ={a, a, b, b} while Y observes sgre = {a, b, a, b}. This assumption ensures that any trade
between pre-screeners is due to differently-experienced first impressions of credibility early in
their life prior to time 1, not differences in objective information or priors. Specifically, we as-

sume that n}, p. = n; pre fOr j € {X, Y}, where 1y, pre is the number of a signals observed in

$)re. By Proposition 1, this implies P*(H|s,,) # P*(H|s),,), but P*(Als),,) = P*(Als),,) =
(?

-

We adopt the market structure of Harris and Raviv (1993) where Y has sufficient market power
each period to make a take-it-or-leave-it (TIOLI) offer to X. We also assume that agents “agree
to disagree”: X does not revise her beliefs irrespective of any offers from Y or even knowing Y’s
beliefs, and vice versa. We elaborate on higher-order beliefs below.

s, ., which generates beliefs

w
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To make apples-to-apples comparisons, we compare outcomes in two games. First, we con-
sider a benchmark trading game between X £2 and Y £2 | two risk-neutral “Endowed Bayesians”
who start time 1 with heterogeneous priors equal to wl)fr . and wgr o> the beliefs of the two pre-
screeners at the end of the pre-trade period. We then move to the trading game where X and Y

are pre-screeners.

6.1.2. Bayesian benchmark
Endowed Bayesians {X£Z Y£8} begin t = 1 with priors w())(EB — X and w())/EB —w

- pre
X Y . .
ore a0d @, such priors are heterogeneous in that agents ex-

Y
pre®

respectively. By construction of @
ante agree about the cash flow but disagree about source credibility: POX e (H) # POYEB (H) but

P Ay = POYEB (A) = w?_. Although agents learn about credibility, equilibrium outcomes are
similar to Harris and Raviv (1993). We sketch the analysis below.
Group X £8°s reservation price each period, and thus the equilibrium price p,E B equals XEB°s

expectation of the final cash flow, E IX £ (R). (To de-clutter notation, we drop the E B superscript
in the rest of this paragraph and the next.) The reason is that X believes the expected value
of future trade with Y is zero. ¥ makes TIOLI offers, so X anticipates that ¥ will offer Y’s
perception of X’s reservation price in any subsequent period s > ¢. X knows that Y knows that
X is a Bayesian, and X also knows that ¥ knows X’s current beliefs but “agrees to disagree.”
Working backwards from period 7', X’s best guess about what ¥ will offer in future periods s > ¢
is EX(py) = EXEYEX(R) = EXEX(R) = EX(R). This is the same as X’s best guess about the
final cash flow, so X expects no value from future trade with Y.

Given the equilibrium price, trade occurs whenever beliefs about R cross the threshold where
E,Y (R) = ElX (R). Given common priors about the state, this occurs whenever the number of a
and b signals crosses the threshold n, ; =np ;.

6.1.3. Pre-screening

Pre-screeners X and Y also begin # = 1 with beliefs a)[)fr . and a)[{, . from having observed s[)fr .
and sg, .» respectively. As in the E'B analysis, the equilibrium price will depend on X’s belief

about what Y will offer X in the future and thus on the fact that agents agree to disagree about
the expected value of R. Apart from the E B analysis, whether a pre-screener realizes her own
pre-screening and whether she thinks that others also realize any pre-screening is crucial. Our
analysis has hitherto not required specification of these higher-order beliefs.

We assume that a pre-screener thinks she forms rational and dynamically consistent beliefs
using Bayes’ Rule and is unaware of her pre-screening and others’ perceptions about her pre-
screening. This assumption naturally extends from the premise that agents overlook the first-stage
substitution of updated beliefs for priors. It also naturally extends from hindsight bias, as such
bias prevents the pre-screener from realizing that her past beliefs are dynamically inconsistent
and that any offers in the market may be inconsistent with what she anticipated in the past.
Instead, a pre-screener thinks she is a Bayesian and that others think she is a Bayesian. Her
perceptions about herself as a Bayesian extend to all higher order beliefs. Thus, for example, X
thinks X is a Bayesian, and X thinks Y thinks X is a Bayesian, and so forth.

We also assume that agents, although unaware of their own pre-screening, recognize that other
agents pre-screen and that other agents are oblivious to their own pre-screening. This assumption
is consistent with experimental evidence in psychology and economics about the “bias blind
spot,” that one can recognize cognitive or motivational biases more in others than in oneself
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(Pronin et al., 2002; Ehrlinger et al., 2005; Fedyk, 2021; West et al., 2012). Thus, for example,
X thinks Y is a pre-screener and X thinks that Y thinks that Y is a Bayesian.

The combined effect of these higher-order beliefs with the TIOLI market structure is that
X’s reservation price each period, and thus the equilibrium price p;, equals X’s pre-screened
belief EX(R).!" As in the EB case, X anticipates that ¥ will offer what Y believes is X’s
reservation price in future periods s > ¢ because Y makes TIOLI offers. Since X thinks Y thinks
X is Bayesian, X thinks that ¥ will calculate X’s belief in the future by combining X’s current
belief with the next period’s signal using Bayes’ Rule.!! X’s expected value of this future belief,
calculated using the likelihood of future signals given her current beliefs and working backwards
from period T, equals E tx (R). As aresult, X believes the future value of trade with Y is zero. Y
understands X s calculation,'? and thus offers p, = EX(R)."?

Given these assumptions, Proposition 6 shows that pre-screeners {X, Y} trade whenever EB’s
{XEB YEB) trade, but also trade when EB’s do not. Part 1 shows that pre-screeners trade when-
ever their beliefs about fundamental value cross (n,,; = np,;), which is also when EB’s trade.

Part 2 shows that pre-screeners also engage in “speculative behavior” defined by Harrison and
Kreps (1978): “an investor may buy the stock now so as to sell it later for more than he thinks it
is actually worth, thereby reaping capital gains.” Suppose Y believes that the asset’s fundamental
value is lower than X believes because she thinks the source is less credible than X does. Y
may nevertheless buy and hold the asset speculatively: EY (p,+1) > EX(R) = p; even though
E,Y (R) < EIX (R) = p;, so long as disagreement between X and Y is not too large and there is
enough existing good cash flow news. The reason is that Y correctly believes X will under-react
to (disconfirming) bad news and over-react to further good cash flow news (using Proposition 4),
and Y is not too skeptical about prospects of such further news, leading Y to expect an upward
drift in the price. However, X believes they are Bayesians in the future and fail to anticipate
this upward drift. Analogously, X holds the asset speculatively in the symmetric case, when Y
believes the source is more credible than X does after the pre-trade signals and bad cash flow
news arrives after trade opens.

Overall, Proposition 6 implies that the extent of excess speculative trade due to pre-screening
depends on the extent of disagreement about credibility and how disagreement originates. In
the game with pre-screeners, initial disagreement about credibility originates from differing first
impressions of credibility from signals prior to trade, w[)fr e F a)[{r .- Even though we endow iden-

-E .
tical disagreement in the game with Bayesians, wé = w{,re for j € {X, Y}, and even though

10" As Harris and Raviv (1993) note, if one assumes the equilibrium price is competitively set each period, then the price
is determined by the beliefs of potentially different groups through time. Scheinkman and Xiong (2003) analyze a market
with this added significant complication. Our stated goal is more modest: we seek to analyze whether the belief dynamics
of pre-screening can generate interesting implications in the simplest structure with results that are easily comparable to
Harris and Raviv (1993).

X thus anticipates wrong offers in the future from Y, and Y’s realized offer in periods s > ¢ will differ from X’s
anticipated possibilities. Given X’s hindsight bias, this does not faze X ex-post. In future periods s > ¢, X thinks he
arrived at EAX (R) rationally and that the offer is consistent with what he rationally anticipated in the past. Similarly, ¥
knows X’s current belief because Y knows X is a pre-screener, even though X thinks Y knows X’s current belief was
obtained through Bayesian updating. We thank an anonymous referee for clarifying our thinking on this point.

12 Specifically, ¥ knows X thinks Y thinks X is a Bayesian.

13 One can alternatively consider what happens if pre-screeners were “sophisticated” in that they recognize their own
pre-screening yet somehow continue to pre-screen each period. In this case, agents would recognize their own dynamic
inconsistency, and X may think there is value to future trade with Y. Our assumptions abstract from this significant
complication and focus on a more modest goal.
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all traders see a common signal path when trade is open, outcomes differ across the two games
because of how new signals interact with pre-screeners’ first impressions of credibility.

Proposition 6 (Speculative trade). Let pre-screeners X and Y observe pre-period signal paths
sX  ands? ,, where n{,’pre = nl]J,pre > 2 for signal paths j € {X, Y}, and then public signal path

pre pre’
XEB

S;. Let Bayesians and YEB be endowed with priors that equal the pre-screeners’ posterior

. . EB EB /
beliefs after the pre-period, a)é( = w;,(m and wg = a)gre, and observe s;. Let a)é, =1/2.14

The price in the pre-screeners’ game is p; = E,X(R|{s§re, S:}), and the price in the EB game
is ptEB = E,XEB (Rl{sifre, s:}). Groups X and Y trade weakly more than groups X8 and YEB :

1. If PS(Hls[)fre) #* PS(H|S[);re), then XEB and YEB trade only when beliefs cross threshold

Mg = Np,;. Pre-screeners X and Y also trade when beliefs cross threshold ng ; = np ;.

2. (Speculative trade) Suppose P‘V(H|s§re) > PS(H|s;M). There exists at least one signal path
Y

Spre Such that Y holds the asset (buys it from X) if the following conditions are satisfied:
(a) State A is objectively more likely: n, ; > np ;.

(b) Group X (weakly) under-reacts to disconfirming news: P(H | {sX

pres Sts St41 = b)) > CUEr

X holds the asset in the symmetric case, where all of the above inequalities are reversed.
6.2. Bubbles and crashes

Pre-screening can generate rapid changes in prices and positions in line with several features
of bubbles, crashes, and speculation described by Barberis (2018, p. 88), beyond what the E B
framework can explain. Fig. 3 provides a numerical example, which we discuss in narrative form
to build intuition. We consider the case where, at the start of trade, 1) X trusts the source more
than Y does and 2) X and Y agree about the state, due to differences in the order of pre-trade
signals. After trade opens, a string of good cash flow news arrives, followed by bad cash flow
news.

The game begins with Y holding the asset in period 0. In period 1, good cash flow news arrives
and X thinks R = 1 is more likely than Y does, leading Y to sell the asset to X, in both the pre-
screening and EB frameworks. Good cash flow news arrives through period 7, and through this
point, prices rise sharply and trade occurs in the pre-screening game, both of which are abnormal
relative to the EB game. The trade in period 3 reflects group Y increasing asset exposure: Y
speculatively “rides the bubble” and buys the asset from X even though the price is higher than
Y’s belief about fundamental value (Proposition 6 Part 2). As more good cash flow news arrives,
prices rise substantially beyond the price in the EB game. The reason is that agents develop too
much trust in the source and become too optimistic about cash flows.

Bad cash flow news begins to arrive in period 8. Prices in the pre-screening game initially
remain high. This is because X thinks the history of good cash flow news provided by the source
is credible and under-reacts to the bad cash flow news, behavior that is akin to confirmation

14 For clarity of exposition, the Proposition supposes that wér = 1/2. As the proof details, this assumption is not
required for Part 2 and can be partially relaxed in Part 1. Specifically, the proof provides sufficient conditions for regions
of (a)él, q1., qp) where Part 1 applies.
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Fig. 3. Trading game. This figure plots outcomes from a trading game between two groups of traders, X and Y, de-
scribed in Section 6, when they are either both pre-screeners or both endowed Bayesians. Prices are in Panel (a) and
the asset holdings of group Y are in Panel (b). Realized signals in periods 1-7 are good cash flow news (‘a’), while
periods 8-14 have bad cash flow news (‘b’). Trader beliefs at period O are equal to the beliefs that pre-screeners
would have after observing {a,a,b,b} for X and {a, b, a, b} for Y, starting from common priors. Parameters are
(qH g1, @3, 0", T,7)=(0.8,0.5,0.5,0.3, 14, 4).

—1

bias (Proposition 4 Part 1a). As more bad cash flow news comes in, X begins to doubt whether
they believe anything the source reported before, due to the contradiction with the previously-
reported good cash flow news (the “undercutting effect” of Proposition 4 Part 1b). Anticipating
this possibility, Y sells the asset to X in period 9. Bad news continues to arrive, and prices steeply
decline as X’s belief about source credibility collapses. In period 14, X and Y share the same
beliefs about the state, and Y buys the asset back from X.

In sum, the paths depicted in Fig. 3 in the pre-screening game reasonably constitute a bubble
and crash. Prices rise steeply and speculative trade occurs, both in excess of what happens in the
EB game. Prices then crash endogenously due to revisions in beliefs in response to bad news. This
endogenous crash distinguishes our model from those that assume a crash due to the exogenous
realization of cash flows.!> Thus, pre-screening generates rapid changes in prices and positions
that are hard to generate in a Bayesian framework.

Proposition 7 provides the formal result beyond the specific signals and parameters considered
in Fig. 3. It shows when and how pre-screening game can generate bubbles, crashes, and volume.
Part 1 shows that over-valuation (under-valuation) occurs when consistent (inconsistent) good
news about cash flows leads the pre-screener to trust (distrust) the source so much that she over-
reacts (under-reacts) to additional good news. Part 2 shows that this can accelerate into bubbles
and crashes: when overvaluation occurs, rises and subsequent falls in prices are steeper when
traders are pre-screeners rather than Bayesian. As in Fig. 3, prices initially under-react to bad
cash flow news before beliefs over-react and prices crash. Part 3 shows there exists at least one
pre-path s?  such that speculative trade occurs during the bubble. Agents “ride the bubble”

pre

15 Hong and Stein (2003) model an endogenous crash caused by the revelation of hidden information from pessimistic
investors. In our model, there is no hidden information since all investors see the same information. The Internet Ap-
pendix shows that confirmation bias does not produce such sudden price declines, because agents always under-react to
contradictory information.
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Period Period

(a) Two Pre-screeners (b) Two Endowed Bayesians

Fig. 4. Trading game price distributions. This figure plots a fan chart of the distribution of prices in 10,000 simulated
trading games with identical parameters as Fig. 3. Darker regions indicate a greater frequency of prices. The solid line
indicates the average price each period. The simulations assume ¢ = H and R = 1.

because they anticipate that others will over-react to future good news. These features provide a
theory of bubbles and crashes that match key features described by Barberis (2018, p. 88).

Proposition 7 (Bubbles and crashes). Let pre-screeners X and Y observe pre-period signal paths

sX  ands? , where nfl,pre = n}j,’pre > 2 for signal paths j € {X, Y}, and then public signal path

pre pre’
XEB and YEB be endowed with priors that equal the pre-screeners’ posterior

. . EB EB
beliefs after the pre-period, @f ~ = a)[’fre and o)~ = a)g,e, and observe s,. Let o, € (0, 1).

S;. Let Bayesians

1. (Over- and under-valuation) Wlog, suppose nq ; > np ;. Under-valuation (p; < ptE B) occurs

if and only if P* (H|{s§re, s:})) < P(H|prior = a)l)f,e, S;). Over-valuation (p; > ptEB) occurs
if and only ifPS(H|{s§re, s:}) > P(H|prior = w;‘re, St).

2. (Bubbles and crashes) Consider a path st such that ng; > np; for t € (0,T) with ng 1t =
np.1. If there exists t € (0, T) such that ptf > ptFB > wér where pif = max pffork e{s, EB},
the average price change of p} must be strictly greater than the average price change of ptE B
for t € [0, 1] (bubbles) and t € [f, T (crashes). Moreover, the pre-screeners exhibit initial

under-reaction relative to the endowed Bayesians after the peak: | pz§+1 - ptf | <| pr+ ﬁ - ptF B,

3. (“Riding the bubble”) Given any signal path st such that ptf > ptFB > wét, there exists at
least one signal path sgre such that speculative trade between pre-screeners occurs (e.g., Y
holds the asset at t =t, at least).

Figs. 4 and 5 give a broader sense of the possible outcomes suggested by Propositions 6 and 7
by plotting the distribution of prices and trade from 10,000 simulated trading games. We assume
the same parameters that underlie the example in Fig. 3, that c = H, and that the true asset payoff
is R = 1. Fig. 4 illustrates that the average price path in the game with two pre-screeners is higher
than in the game with two EB agents, with a greater propensity for rapid run-ups in price. Fig. 5
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Fig. 5. Histogram of number of trades. This figure plots a histogram of the total number of trades in 10,000 simulated
trading games with identical parameters as Fig. 3. The simulations assume ¢ = H and R = 1.

shows that there is more trade: the average (median) number of trades in the game with two
pre-screeners is 3.6 (4) compared to 1.6 (1) in the game with two EB agents.

7. Discussion and literature
7.1. Two alternative models

We consider two models that separately adopt each step of pre-screening to highlight how
they differ in their mechanisms and predictions. Recall that a pre-screener first forms an updated
belief about credibility. Second, she forms final posterior beliefs by following Bayes’ Rule using
updated beliefs instead of priors.'©

In “Alternative Model 17 (AM1), an agent follows the same first step as pre-screening but a
different second step that assumes agents separately update on credibility and the state. Specif-
ically, agents form a marginal belief about credibility but also form a separate marginal belief
about the state before combining them in a final posterior that equals the product of the two
marginals. This model of “pure separate updating” effectively assumes that agents do not under-
stand joint distributions or correlation in beliefs (Kocak, 2018, considers a similar model). If, for
example, an AM1 agent saw signals {a, a}, she would think P(c=H |0 =A)=P(c=H |6 =
B) even though {a, a} rationally suggests that H is more likely if the state is A than if the state
is B.

In “Alternative Model 2”” (AM2), an agent follows the same second step as pre-screening but
a different first step that assumes agents first form joint beliefs. Specifically, in the first step, an
AM?2 agent forms an updated belief over (c, 6) using Bayes’ Rule before forming her final belief
in the second step by applying Bayes’ Rule again using the updated joint belief as her prior.
Agents in this model of “pure double dipping” are equivalent to agents who use Bayes’ Rule
but who have seen too many copies of early signals. For example, if an AM2 agent saw signals

16 We thank an anonymous referee for motivating the following discussion. The Internet Appendix contains formal
details.
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{a,a, b, b, b}, we show she has the same beliefs as a Bayesian who saw eleven a and nine b
signals.

These two models differ from pre-screening in mechanisms, foundations, and empirical pre-
dictions. In terms of mechanisms, pre-screeners understand that beliefs about one unknown
parameter are related to beliefs about other parameters through correlation, unlike AM1 agents.
Pre-screeners only substitute an updated belief about credibility in the second step, unlike AM2
agents who substitute an updated belief about the entire joint distribution as their prior.

In terms of conceptual and psychological foundations, pre-screening begins from the premise
that agents may form data-dependent priors for the seemingly-legitimate purpose of estimating
an ancillary parameter (the first step) but overlook double-dipping the data in the final analysis
(the second step) as outlined in Section 2.3. In contrast, the premise of AM1 is that agents do
not understand how unknown parameters are related through correlation. The premise of AM2 is
that agents double-dip the data but do not treat one parameter as ancillary.

Pre-screening, AM1, and AM2 are each plausible in different ways; for example, AM1 seems
plausible since joint distributions may be difficult quantities for individuals to process. Ulti-
mately, which model (among these or others below) more accurately describes learning is an
open empirical question. We next discuss different testable empirical predictions that future re-
search can use to further evaluate the plausibility of alternative models.

7.2. Empirical predictions and other approaches

The first empirical prediction of pre-screening is correlated disagreement (Lemma 1 and
Proposition 1). Correlated disagreement is a testable prediction that agents’ opinions about which
side of an issue is correct should be positively correlated with their beliefs about the credibility of
information sources on the same side of the issue. For example, in individual-level survey data,
individuals’ opinions on whether climate change is real should be positively correlated with their
opinions on the credibility of scientists who think climate change is real.

Other models of agents’ beliefs about both credibility and an unknown state roughly fall into
three categories: 1) They do not predict correlated disagreement, 2) They do predict correlated
disagreement since agents have fixed beliefs (i.e., do not learn) about credibility, or 3) They do
predict correlated disagreement due to agents’ heterogeneous priors. In category 1 are models
such as AM1 and AM2. As the Internet Appendix elaborates, these models do not generate
correlated disagreement since AM1 agents ignore correlation and AM?2 agents double-dip the
data through joint beliefs rather than through beliefs about credibility alone. In category 2 are
models such as Harrison and Kreps (1978), Scheinkman and Xiong (2003), Kandel and Pearson
(1995), and Harris and Raviv (1993). In category 3 are Bayesian models with heterogeneous
beliefs such as Acemoglu et al. (2016), Sethi and Yildiz (2016) and Suen (2004).'7 Models in
categories 2 and 3 exogenously assume the positive correlation noted above and hence make no
prediction about how the correlation comes about. Since the correlation is endogenous in our

17" Glaeser and Sunstein (2014) consider how polarization from common information can occur when consumers have
different priors about senders’ motives. Gentzkow and Shapiro (2006) and Mullainathan and Shleifer (2005) show that
different media sources may generate disagreement by slanting news to build a reputation or to cater to consumers’
preferences for beliefs. Without heterogeneous priors in these models, media slant generates biased beliefs, but not
disagreement. Our results suggest that erroneous learning about credibility leads to demand distortions that complement
these strategic supply distortions. Morris (1995) reviews the literature on heterogeneous priors.
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model, additional tests below can isolate whether pre-screening is the underlying mechanism
relative to these models.

The second empirical prediction of pre-screening relates to the first-impression bias inherent
in a pre-screener’s beliefs. The psychology literature has accumulated substantial evidence of
such a bias (e.g., Asch, 1946; Anderson, 1965; Hogarth and Einhorn, 1992; Uleman and Kressel,
2013). A specific empirical test of pre-screening would ideally study two groups of individuals
who receive the same objective information, where one group is exogenously treated with early
signals suggesting a credible source and the other with early signals suggesting a less credible
source. Pre-screening predicts that the first group believes the source is more credible relative to
the second group (Proposition 2 and Corollary 1) and that the state is more likely (Proposition 1).
Such a joint test would distinguish pre-screening relative to models featuring path-dependent
beliefs about only the state (e.g., confirmation bias in Rabin and Schrag, 1999). An experimental
setting where signal order is within the control of the researcher would be particularly suited to
test this prediction.

The third empirical prediction of pre-screening relates to when agents under- and over-react
to new information (Proposition 4). Empirical evidence in the literature suggests that individuals
tend to exhibit confirmation bias, or under-reaction to disconfirming news about the state (Lord et
al., 1979; Griffin and Tversky, 1992; Rabin and Schrag, 1999; Fryer et al., 2019; Gentzkow et al.,
2018). However, individuals also overreact to disconfirming news if it causes them to re-evaluate
their worldview or paradigm (Ortoleva, 2012; Galperti, 2019). De Filippis et al. (forthcoming)
find evidence that individuals over-react to contradictory signals, citing a similar mechanism,
and Grether (1992) and Holt and Smith (2009) experimentally find that rare events cause larger
deviations from Bayes’ Rule. Other evidence suggests that agents over-react to signals due to
over-confidence (e.g., Hirshleifer, 2015).

Pre-screening predicts that whether agents over- or under-react to news depends on how the
source’s evidence interacts with the effect of news on credibility (Proposition 4). In contrast
with confirmation bias, pre-screeners can over-react to news that disconfirms existing evidence
if such news is also sufficiently bad news about credibility. Empirically, whether or not agents
underreact to news that disconfirms existing evidence should depend on an interaction term with
credibility.'®

The fourth empirical prediction of pre-screening relates to multiple signal sources. Pre-
screening predicts that agents can disagree about the credibility of multiple sources even when
they observe all signals from all sources, as long as they encounter sources in different orders
(Proposition 5). This prediction distinguishes our theory from the growing literature on rational
attention (Sims, 2003, 2006; Gabaix et al., 2006) and selective attention (Schwartzstein, 2014,
Nimark and Sundaresan, 2019; Kominers et al., 2019). Broadly speaking, theories of attention
suggest that “putting all the signals on the table” and forcing agents to see all signals should help
resolve disagreement.

In contrast, pre-screeners disagree about the credibility of signals that they all see. Empirical
evidence suggests that the differential interpretation of commonly-observed information is an
important feature of real-world disagreement. Kandel and Zilberfarb (1999), Lahiri and Sheng
(2008) and Patton and Timmermann (2010) provide evidence that differences in information sets

18 10 cleanly contrast confirmation bias with pre-screening, empirical tests would experimentally study settings where
agents begin with neutral priors on the state. The reason is that confirmation bias relates to how agents react to news that
disconfirm beliefs while pre-screening relates to how agents react to news that disconfirms existing evidence. In a setting
with neutral priors on the state, news that disconfirms the existing evidence is equivalent to news that disconfirms beliefs.
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do not explain disagreement among macroeconomic forecasters and emphasize the importance
of differences in how forecasters interpret information. Cookson and Niessner (2020) provide
evidence that differing signal interpretation is an important component of disagreement about
firm stock prices.

Tests of this prediction could thus examine whether agents disagree because they have not seen
other sources’ information. Pre-screening predicts that both sides are well aware of each side’s
sources but ultimately discount them as non-credible. For example, pre-screening predicts that
disagreement about climate change occurs even when all agents have seen the same information,
whereas theories of attention broadly predict that disagreement occurs because one side has not
seen the other side’s sources. Tests of this prediction could also study how varying the order in
which agents encounter sources affects beliefs, analogous to the tests of signal order.'”

8. Conclusion

The key predictions of pre-screening are that: 1) Differing first impressions about credibility
generate disagreement, 2) Disagreement about states of the world and credibility are endoge-
nously correlated, and 3) Pre-screeners can over- and under-react depending on how signals
interact with beliefs about credibility. New information sources may not resolve disagreement
when they should, and agents can become certain of incorrect states if sources are slanted. In
a trading game, pre-screening can generate price bubbles and crashes along with speculative
trades, with traders “riding the bubble” along the way, even in an environment where Bayesians
with heterogeneous priors would not do so.

Future research can extend our theory and apply it to several settings. For example, extending
the theory beyond the two-state model may yield additional insights. The two-step process of
pre-screening would be nearly identical, and we speculate that qualitative insights such as the
occurrence of disagreement and the existence of order effects in beliefs would be similar. How-
ever, such an extended model may yield even richer predictions about the dynamics of beliefs
and over- and under-reaction to news. Developing context-specific models or empirically testing
the predictions of Section 7 may help illuminate disagreement in contexts as varied as climate
change, medicine, and politics. Overall, exploring the endogenous reasons for why individuals
jointly disagree about subject matter and the credibility of sources is a fruitful area for future
research.
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Appendix A. Proofs of main propositions
A.l. Equations for beliefs of pre-screener and Bayesian

To illustrate the mechanics that drive the divergence between the beliefs of a pre-screener and
a Bayesian, as in Section 2.4, we expand the recursion of x.(s,) in the pre-screener’s posterior
beliefs. For brevity, we show the evolution of beliefs for three signals.

After the first signal s1, the pre-screener’s beliefs are:

> 9 Psile, G)wga)g

D ed 9 Plsile, G)a)ga)(c)

P(silc, ) ({s1})ef
> e 29 PGsile, O)rc({s1Dasf
[y PGsile, )l 1P (si|c, )

YUY PGile, )i Plsile, )afw

In contrast, the Bayesian’s posterior beliefs after the first signal are:

P(si]c, Q)w(c)a)g
Y e > 9 Plsile, Q)a)(c)wg '
After the second signal sy, the pre-screener’s beliefs are:

29 P(s2]c,0) P*(c,0{s1})

D29 P(s2lc, ) PS(c,0]{s1})
Yy P(sale, 0)Psile, O)ce({s1))ef
Y X P(sale.0)P(sile. O)ke({s1 D)
[ P(sale, 0) P(sile, )f 113 P(sile, )l
Y Plsale. 0) P(sile, 0)af 1Y Psile, O)arf e

P(sz|c, ) P(silc, O)e({s1, 2}
> X g Plsale, 0) P(sile, O)e(fs1, s2})fy
X4 P(s2le,0)P(sile, ) 11 g Plsile, 0)wf 1P (s2le, 0) P(si |, ) of)
Y gl Plsale. 0) Pisile. O)f (Y Psile. O)f1P(sale, ) P(si e, O)w§ef)

ke({s1}) =

P*(c,0|{s1}) =

P(c,0|{s1}) =

Ke({s1,52}) =

P*(c,0|{s1,52)) =
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In contrast, the Bayesian’s posterior beliefs after the second signal are:
P(s2|c, 0)P(s1]c, 9)&)00)0
Y29 P(sale,0) P(si]c, Q)woa)o
After the third signal s3, the pre-screener’s beliefs are:
> g P(s3lc,0) P*(c, 0|{s1,52})
229 P(s3lc,0) P3(c, 0{s1,52})
Y4 P(s3lc, 0) P(salc, 0) P(silc, O)ice({s1, 52}) )
> Y P(s3le, 0) P(salc, 0) P(sile, ke ({s1, s21) o)

(X PGs3le.0)Psale, ) P(st e, ) I Psale, 0)Plsyle, )11 g Psile, O)wf 1§
T XX P(s3le.0)Psale, 0) P(sy e, O)0f [ g Plsale. 0) P(syle, 0)w§ 1Y g Psy le. )l 1§

P(s3lc,0) P(s2lc, 0) P(silc, O)ke({s1, 52, 53D
> o> g P(s3lc, 0) P(s2lc, 0) P(silc, O)kc({s1, 52, 53} )

[>-g P(s3lc.0)P(splc, 0)P(syle, 9)(1)0][29 P(sple,0)P(syle, 9)(4)0][29 P(syle, 9)(UO]P(S3\L 0)P(splc,0)P(syle, 9)(»80)8
ZL Y 9[2g P(s3lc.0) P(splc, 0) P(sy e, 9)&10][29 P(splc,0)P(sqlc. 9)&10][26 P(sqy]c. 9)(4)0][’(:3\6, 0)P(splc,0)P(sylc. 9)m0 a)g

P(c,0|{s1,52}) =

ke({s1, 52,83} =

P¥(c,01{s1, 52, 83}) =

In contrast, the Bayesian’s posterior beliefs after the third signal are:
P (s3|c. 0) P(52]c, ) P(s1|e, )
e Yo P(s3lc. ) P(s2lc, ) P (silc, )iy

P(c,0|{s1,52,53}) =

A.2. Proof of Lemma |

Proof. Without loss of generality, let (¢, 8) = (L, B). The posterior odds ratio of (L, B) versus
(L, A) equals:
PS(L,Blsy) Brs)Ilio P(si| L, B)ofof
PS(L.Als)  Brs)[T/= P st | L, A)offwl
_TTZ PGt | L, Byof of
Hz 1P (s L, A)a)oa)0

N P(L,B|s,)
CP(L,Alsy)
. / PS(L,Blsy .
Since £ = )yL implies —2— Ty X’iy’ and P°(@=B|L;sy) = P-‘(L,Bls,(,)H"SS(i,Alsn)’ the conclusion
follows. 0O

A.3. Proof of Proposition |

1. Since P* (@ | c;s,) = P (0 | c; sp), we have:
PO |sy,) — P (0 |8,) =P (0| H;sp) x [P (H|sy) — P (H|sy)]
+ P (0| Lisy) x [P (L|sy)— P (L|sp)]
=P (0| H;s,) x [P* (H|sy) — P (H |sy)]
+ P (0| Lisy) x [P(H|sy)— P (H|sy)]
=[P ©|H;s,)— PO|Lis)) x [P (H|sy)— P (H|sp)].
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Without loss of generality, consider 6§ = B:

P(B|H;sy)=P(B|L;sp)
P (H,B|sp) _ P(L,B|sp)
P(H,B|s))+P(H,Als,) P(L,B|sy)+P(L,Alsy)
P(H,Bl|sy) P(L,B|sy)
P(H,A|sy) P(L,Alsy)
1—qp \" ™" (I —od)of  (1—gL\" ™" (1 —of)of
( qu ) wiol! _< qL ) il
Therefore, P (0 | H;s,) — P (0 | L;s,) =0 if and only if n, = n;. Moreover, P* (H |s,) =
P (H |s,) if and only if ‘3”(5”) =1:

P° (H |s;) =P (H |sy)
P*(H |sy) P (H|sp)
PS(LTsy) P (L[sy
Br (50) Y [1/=y P (s | H,0) o 2o P (st | H, 0) Wy
Br(sn)d g [1/—; P (s | L, G)woa)o Ze [T-,P(s: | L G)wowo
BH (sp)
BL(sn)

From the definition of S.(s;),
B (Sn) ZHZ:1 Y (IT7<, P (s: | H, 0) f)
B (sn) 1_[:1 1 20 (T2 P (st | L, 6) oof)
_ 1_[ F 3y (P (sm | H,0) oyl
3 (P (sm | L, 0) (1 —wfl))

HP(C—H|Sm)(1 ) (A1)
N P(c=L|sy) off '

P(c=H|sp)(1-ol!)

s _ _ Y oo T
Therefore, P* (c=H |s,) — P(c=H |s,) =0ifand only if [, _, Ple—Lismal

=1.
2. This follows from Lemma | and the proof of Part 1 of Proposition 1.
A.4. Proof of Proposition 2

Shown in the proof of Part 1 of Proposition 1.
A.5. Proof of Corollary 1

Equation (A.1) shows how a pre-screener’s over- or under-trust depends on the cumulative
effect of the signals on their beliefs about credibility. Each individual mth term of Bz /Br (sn)
is the objective odds that the source of high credibility relative to priors, given the information
content of subsequence s,,. Each mth term of Equation (A.1) is strictly greater than 1 if and only
if
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(Z <ﬁ P(s,|H, 0)) w8> = (Z (ﬁ P(s/|L, 0)) wg) >0. (A2)

0 t=1 0 =1

Without loss of generality, consider the m = nth term of Equation (A.1) and suppose n, > ny
fors,. Letd =n, —nyp. Expanding Equation (A.2), the m = nth term of Equation (A.1) is strictly
greater than 1 if and only if

0y g (1 —gm)™ + (1 — o)1 — qu)" g}
> o qr (1 —qr)™ + (1 — o)1 —qr)" g} (A.3)

We can re-write Equation (A.3) as

(qHa —qm)"b (wéqé + (1=t —qH)d> ol

A4
qr(1 —qr) wiiqd + (1 — w1 —qr)d (A

o gt +(1—wf)(1—qp)?

Note that Equation (A.4) is strictly decreasing in n,. We show that G(d) = o T 1—am (1—an)?
0 LTV % ) TIL

is increasing in d when d > 0 is sufficiently large:
3G (wgqg ngm) + (1 = o)1 —gm)? In(1 = gm) (0 qf + 1 = o)1 = q1)%)
o (@faf + (1 — o) (1 —gr)?)’
 (wgafy + (1 — o)A —gr)?) (0f g7 In(gr) + (1 — o)1 —q1)" In(1 —q1))
(0fqd + (1 — o)1 —gr)?)*

(A.S5)
The numerator of Equation (A.5) is positive if and only if
o qf In(gr) + (1 — )1 — qm)? In(1 — gp)
ofqh+ 1 — o)1 —gp)
_ @gagInt) + (1 - ef)( —q1)'In(l —q1)
ofqf + (1 — o)1 —qr)?
Thus the numerator of Equation (A.5) is positive if the following holds:
B (ega’in@+ 1 —epd -0 —g)) 0
dq wiq? + (1 — o)1 —g)? ’
which we re-write as
1-of | 1-g\d
o (1@ +(ZHEEH A —g)
dq

- > 0. (A6)
T (s (5!
0

The numerator of Equation (A.6) is

1, l-of 1-q,; —q—(-¢q) 1-of 1
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The first term of Equation (A.7) is positive and the second and third terms are negative. The
_ A
third term is clearly increasing in d and limy_, oo —(%)2(1%")2‘1 ( ﬁ) = 0. The second term
0

is also increasing in d:
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and its limit as d — oo is zero:
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This implies that there exists some d > 0 such that Equation (A.7) is positive for all d > d and

negative for all d < d. Thus, there exists some d > 0 such that G(d) is increasing in d for all

d > d. Moreover, since Equation (A.7) is clearly increasing in a)o , then d is decreasing in a)(’)4
Finally, we know that limy_, .c G(d) =

qund | (1= =gy \d

ofgh + U - —gmd GO g0
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Since G(d) is increasing in d for all d > d, G(0) = 1, and limy_, o, G(d) = oo, then for any
np > 0, there exists some d* > 0 such that Equation (A.4) equals 1 for d = d*, Equation (A.4)
is less than 1 for d < d*, and Equation (A.4) is greater than 1 and increasing in d for d > d*.
Since the right-hand side of Equation (A.4) decreases in ny, then d* increases in n,. Since d is
decreasing in a){)‘, then d* is decreasing in w(‘;‘.

Analogous results hold if n; > n, so that d <0, since Equation (A.3) would instead become

(qH(l - qH))”" ot (1 —gm? + (1 — o)q -
qr(1 —qr) wf (1 —qr)? + (1 —of)q] '

(A.8)

Analogously, Equation (A.8) is strictly decreasing in n, and there exists some d** < 0 such that
Equation (A.8) equals 1 for d = d**, Equation (A.8) is less than 1 for d > d**, and Equation
(A.8) is greater than 1 and decreasing in d for d < d**. Likewise, d** is decreasing in w(‘)“.

Let n,, be the number of a’s in subsequence s, np , be the number of b’s in subsequence
Sm,and let dy, = ng m —np . We have shown from Equation (A.4) thatif ng ,m > np m sody >0,
then an mth term of By /B (s,) is decreasing in nyp . We have also show that an mth term of
B /Br(sy) is increasing in d when d,, > d;,. Note that mechanically, if nj, 41 = np,, + 1 then
dpy1 =dm — 1.

Likewise, if np ;y > ng m so dy < 0, then an mth term of By /B (s, ) is decreasing in ng ,,, and
it is decreasing in dy,, when d,, < d,*. Mechanically, if ng pr1 =n4,m + 1 then dy41 =dpm + 1.

This implies the following: Consider sfl(, s,): € X(s;) where ng{j = ng,j — 1 and ni{m = "Z,m
forall m # j.

1. If ngj—1 > np,j—1, then for any np ;1 > 0 there exists some d]t] > 0 such that
P(c=H|sj_1)(1—owll)
P(c=Llsj—1)(@f)
np,j-1anddj_; >d;j_,, then B /BLY) > Bu/BL(sh).
Let g, j—1 > np, j—1. Sequences s;X and s? are ordered identically except that (s;( , sj).( ) =
(a,b) while (sJY ,s]YH) = (b,a). From Equation (A.1), it follows that By /BL(sY) >

Br/BL(sY) if and only if
P(c=H|s{) P(c=H]|s")
J -~ J )
P(c=Lls})  P(c=Lls})

is increasing in d;_1 for all d;_; > d;(—l' For any j such that n, j_1 >

(A.9)

Note that nj ; =nj ; +1s0d} =d¥ | +1andd] =d} | — 1. Since dj_; > dj_,, then
d]X > d}/ > d;‘lr Thus Equation (A.9) holds.

2. If npj—1 > ng,j—1, then for any n, ;1 > 0, there exists some d;‘fl < 0 such that
P(c=Hls;—)(1—ol)
P(c=Llsj_1) (@)
Na,j—1 and dj_1 <d* | then B /BL(s)) < Bu/BL(sy).
Analogous argument as above.

is decreasing in d;_ for all d;_1 < d;.kfl. For any j such that np j_1 >

A.6. Special Case of Corollary 1

Corollary 3 shows the implications of Corollary 1 in the special case where the prior on
the state does not color the pre-screener’s interpretation of signals (a)(‘;‘ = 1/2). It illustrates
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the intuition for how signal order generates first impression bias by showing that pre-screeners
erroneously believe that the timing of signal reversals is itself informative, in that a pattern
of few (more) initial reversals inflates (deflates) their beliefs about source credibility. Con-
sider the sequences {a, a,b} and {a, b, a}, which have identical information content. Under
{a, a, b}, the first two signals {a, a} are consistent and objectively indicate high credibility. Un-
der {a, b, a}, the first two signals {a, b} are inconsistent and objectively indicate low credibility.
In both cases, the pre-screener overinfers credibility from the first two signals, and this first im-
pression of credibility colors the pre-screener’s interpretation of the third signal. As a result,
PS(c = Hl{a,a, b}) > P*(c = H{(a, b, a}). Corollary 3 broadens this example and shows that
re-ordering the signals so that the longest consistent streak appears first generates the most trust
in the source, while alternating the signals first generates the least trust. In contrast, a Bayesian’s
final beliefs are independent of signal order.

Corollary 3. Let s, be a signal path wzth nu > nyp be given Let s,f ={a,a,...,b,b,...} and
s,{ ={a,b,a,b,...,a,a,...} where sn , n € X(sy). If(a)o, 61) = (1/2, @) where @ € (0, 1),
then sff = argmaXxgey(s,) Br/PL(S) and sn =argming. ) Br/BL(S).

Proof. Let s, a set of signals with n, > nj, and X(s,) be the permutations of s,. Consider any
pair of sequences sff , ,’; € X(sy,).

By Proposition 2, a necessary and sufficient condition for P*(c = H|sff) > PS(c = Hls,f) is
Br/BL(Y) > Br/BL(sY). Consider sX and s!', where the first j signals are ordered identically
andn —2 > j > 1, the two sequences differ in the j + 1 and j +2 signals, and then all subsequent
signals are identical (i.e., terms j + 3 through n). Suppose the first j terms contain k a’s and
j—k b’s, where k > j — k. Lets L1 =4a, sxz—b S; 41 =0, ands L =a. (Forexample,s
could be {a,a, b,a,b,a} and sn could be {a,a,b,b,a, a}, so j=3, k 2.) Then ﬂH/ﬂL(sff) >
Br/BL(sY) whenever k > j —k and B /BL(sX) = Bu/BL(sY) whenever k = j — k. To see this,
note that, given Equation (9), all of the terms are identical for ,BC(SX ) and ,BC(S,{ ) except term
j + 1. When wo =1/2, then ,BH/ﬂL(s ) > ﬁH/,BL(sY) if and only if

( WA =g+ (1 - qH)qu{{—k) (qf(l g M (1 — qL)"qj*k“)
( A —q ™+ —qL)k+1qi—k> (qlil(l C gy (= gl k+1> >0
(ar —au) ((ana™ 7 = (1 = g = g1)* )

+ (@ +ar =D ((gn (1 = g™ = (qr( = gu)* ) 20,

We can verify that both terms on the left-hand side are positive when k > j — k and zero
when k = j — k. Thus, P*(c = H|s)) > P*(c = H|s)) when k > j — k. Using this result,
we can iteratively apply it to order sequences in X(s,) by decreasing trust, by starting with
the sequence with the least reversals (all a’s followed by all b’s), and iteratively switching
the first b and last a to generate sequences in which the first » moves forward. For exam-
ple, P°(c=H\|{a,a,a,a,b,b}) > P°(c=H|{a,a,a,b,a,b}) > P°’(c=H|{a,a,b,a,a,b}) >
PS(c=H\|{a,b,a,a,a,b}). Then, P’(c= H|{a,a,a,b,b,a}) > P (c=H|{a,a,b,a,b,a}) >
PS(c =H\{a,b,a,a,b,a}), where P*(c = H|{a,a,a,b,a,b}) > P’(c = H|{a,a,a,b,b,a})
and P*(c=H|{a,b,a,a,a,b}) > P*(c=Hl|{a,b,a,a,b,a}). We continue this procedure (and
applying the result that P*(c = H|s}) > P*(c = H|sY) when k > j — k) to establish that
{a,a,a,a,b, b} generates the most trust and {a, b, a, b, a, a} generates the least trust.
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Thus, if (wf, of') = (1/2, &) where & € (0, 1), then sX = argmaxy 5., Br/BL(s) and s} =
argmlnsez(sn)ﬂg/ﬂL(s) wheres ={a,a,...,b,b,...} ands};E{a,b,a,b,...,a,a,...}. O

A.7. Proof of Proposition 3

Proof. Suppose (c’, 0’ ) = (L, A). The proof shows that the posterior odds ratio of any other
(c, 0) versus (L, A) converges to zero when g > 1/2, which we assume unless otherwise noted.
If g1 = 1/2, the posterior odds ratios of (L, B) versus (L, A) converge to a)é9 /wé. Arguments
for other (c/ 0 ) are similar. We consider convergence almost surely.

Bayesian. Suppose (c/ , 0’) = (L, A). We show the asymptotic belief for every other (c, 6) is
zero through standard arguments.

Let (¢, 0) = (L, B). The posterior odds ratio of (L, B) versus (L, A) equals:

P(L,B|sy) q;" (1—q1)" ofwy <1 —qL>”"_"” (1—-awg)

P(L,Alsy) g} (1—qp)" 0wl qr wl

-0,

since g7 > 1/2 implies (n, — np) — oo and % < 1.2V If g7 = 1/2, the posterior odds ratio
equals a)g/a)()‘ as (1 —qr)/qL =1.
Now let (¢, 0) = (H, A). The posterior odds ratio of (H, A) versus (L, A) equals:
P(H,Als)) _qh (1—qn)" of ol _( ant (1 - qH)"h/">"w§

P(L,Alsy) qL” (1 —qu)" ool B "a/”(l g/ | of

The formal limit proof of the last line is as follows. Let & > 0 be given. Since x"a/” (1 — x)"/"
converges with limit x9% (1 — x)! 9L for x € {gL.qH}, that means for any v > 0, there exists an
N large enough so that, for any n > Np:

g (=gt i (1 =g

qZ“/" (=g qf" (1=qp)' ™"

qy (1=qm)' L
;" (1=q)' L
).>! This implies that we can also choose v small enough so that there exists an

nag/n 1 np/n _ . . .
ﬁ <1- (17") and in particular is bounded away from 1 for any
qr

Note that n = <1since f(x)=x% (1 —x)7 isa strictly decreasing function

for x € (qr, 1

N such that

" =gy

1" =gy
g1 = 1/2, the posterior odds ratio also equals zero, and a similar argument applies for (H, B)
versus (L, B). Intuitively, conditional on the state, the agent learns the true type (L) for sure
based on the long-run frequency.

n > Nj. Therefore, there exists an N> > N such that ( ) < ¢ forn > Np. If

20 Note that ng — np =2n ("T“ - %) which diverges to +0o0 when g7, > 1/2 since n,/n — qr,.

21 et fx)=x9L (1 — x)179L  Note that f (x) is decreasing if and only if g (x) =g logx + (1 —gr)log (1 —x) is
decreasing. Taking derivatives:
l—qr

qL
g ) ="=- .
1—x

Therefore, we have g’ (x) <0 & lz%lL < eqL<x

37



L.-H. Cheng and A. Hsiaw Journal of Economic Theory 200 (2022) 105401

Now let (¢, ) =(H, B). The posterior odds ratio of (H, B) versus (H, A) equals:

P(H,Bl|s)) qy (1 —qu)" ofof (1 —qH)"ﬂ‘"b (I—o) 0
P(H,Alsy)  qp (1—qm)" wfol! qu o ’
for g > 1/2.
Thus:

P (H, B |sy) i P (H,B|s,) P(H,Alsy)
im ———— = lim
n—oo P(L,Als,) n=co| P(H,Als,) P(L,Alsy)
P(H,B|sy) . P(H Alsy)
= lim lim =
n—oo P(H,Als,)n=o00 P(L,Alsy)

’

for qp > 1/2.
If g1 =1/2, then:
. P(H.Blsy) _qy (=g ofof __, n 200
lim = —a AL =24y I —qu) ——.
n—>oo P(L,A|s,) qr, (I—qr) @y @ @0 @0
But:

np na \"
2'qy (1 —qp)' = (25113 (1- QH)") :

1
The inside term on the right-hand side converges to 2¢ 7, (1 — qH)%. Observe gy € (1/2,1) im-

1
plies gz (1 — gy) < 1/4 and thus 2q (1 — qH)% < 1. This means we can choose N sufficiently
np e
large so that 2g,; (1 —gg) ™ is less than and bounded away from 1 for all n > N. This in turn
np n

implies (2qu (1— qH)"»—?> —0.

Pre-screener. The pre-screener’s belief equals:

Be () [Tz P (st | ¢, 0) o
Yo Be(50) g Ty P (st ] ¢, 0) g

Be (p) = HZ(HP(S; |C,9)w8>.

m=1 6 \r=I
Let (¢, 0) = (L, B). The posterior odds ratio of (L, B) versus (L, A) equals:

P'(L.B|sy) B[l PGl L Byogos [T Pl L B)A—op) 0
PS(LAls))  Br(sa) [T/ P (st | L, A) offof [To P (st | L, A) ’

by the same arguments as the Bayesian. If g; = 1/2, the posterior odds ratio evidently equals
a)g /a)(/)4 as it does for a Bayesian.
Let (¢, 0) = (H, A). The posterior odds ratio of (H, A) versus (L, A) equals:
P (H,Als)) _Bu )Ty P (st | H A of o
PE(LAlsw) Briso) [Tz P (s | L, A)ofog

P (c,0|sn) =

ﬂH(Sn) _ l_[ﬂ P(C=H|Sm)(1—a)gl

From Equation (A.1), fron = lnmt —pezriomop ). Because the Bayesian learns the truth,

P(c=H|s;)wk
P(c:L\s,,)wéJ

P(c=H|s;)wf

we have
P(c=L|s,,)a)éJ

— 0. In particular, there exists an N such that foralln > N,

38



L.-H. Cheng and A. Hsiaw Journal of Economic Theory 200 (2022) 105401

n  Plc=Hlsp)ok

—_— < & fOI‘
m=1 p(c=Lls,)of

1. This implies that for any ¢ > 0, there exists an Nj > N such that [ |

all n > Nj. Therefore, ’Z’L’ ((ss,:’)) — 0. But then:

PS(H,Alsy)  Br )l Plsi | H A)ofof By (sy) P(H,Alsy)
PS(L,ATS))  BLs)liy P(si | L, Aol Br(s)) P(LA[sy)
If g1, = 1/2, the posterior odds ratio also equals zero. A similar argument applies for (H, B)
versus (L, B).
Let (¢, 0) = (H, B). The posterior odds ratio of (H, B) versus (L, A) equals:
PS(H,B|sy) _PuG)limi P i | H. B)wgwg B (sa) P (H, B |sn)
PS(L,Alsy)  Br(s)[li=y P (st | L, Awioll — BrL(sn) P(L,Alsy)
since —%’Z ((SS:)) — 0 from the arguments above and 75[3,(([;:?"::)) — 0 from the arguments for the
Bayesian. O

A.8. Proof of Proposition 4

1. Let w}, equal the pre-screener’s joint posterior after the sequence s,,.
First, note that each joint belief on the state and credibility for the prior w{, denoted wgg, is
given by

(T, P(stle, 0)) wfatBe(sn)
>0 S ([T Psile, 0)) w§ s Belsn)

Thus, the Bayesian’s posterior belief given the biased prior is

of Yo (T Psile, A)) wofBetsn)
o0y X (T2 Plsile,0)) wfetsn)
In contrast, the pre-screener’s posterior belief after observing s, is
of Lo (T2 Plsilg. ) w§Be(su)

S 0f Xe (T2 Plsile,)) wfpe(sisn)

= P*(c,0ls,) = (A.10)

P(0 = Alprior = w;, {sp+1}) =

Ps(e = Alsp41) =

where

n+1 m n+l1
Be(snin) =[] (Z (1_[ P(silc, 0)) wg) = Be(s) (Z (1_[ P(silc, 0)) wg) :
=1

m=1 \ 0 \r=1 0
(A.11)

Substituting all of the preceding information into P*(6 = Als,+1) > P(6 = A|prior =
s, {sn+1}), the inequality is only satisfied if

o (1= o)l (1= of )BL(sn) B (sn)

(o)) (S(Hronn)-)

X
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n+1 n+1 n+1 n+1
x <<]‘[ P(s;|H, A)) (]_[ P(s|L, B)) -~ (]_[ P(s;|H, B)) (H P(st|L,A))>

t=1 t=1 t=1 t=1

Y
> 0. (A.12)

By direct calculation, ¥ > O if and only if P(A|H; sy+1) > P(A|L; sp+1), Y = 0if and only if
P(A|H;s,4+1) — P(A|L;sp+1) =0,and Y <O if and only if P(A|H;s,+1) < P(A|L; Sp+1).
ﬁc(sn)wg

Moreover, note that k.(s;) = AR
c Pc\dn)W

. Then Equation (A.11) implies that kg (s,+1) >
kH (Sy) if and only if

i (1 — wf)Br (s0)BL(sn)

((efirene)<)- (i) )

which is the requirement that X > 0. Thus, X > 0 if and only if kg (s;41) > kg (Sp), X =01if
and only if kg (sy41) = kp(Sy), and X < 0if and only if kg (S;41) < kg (Sy)-

Since the sign of Equation (A.12) is determined by the sign of XY, this yields the proposition.
ol ¥, (n;’;‘ P(s,\c,Q))a)g
e 0f Yo (T2 Plsiled))of
> wf! if and only if X > 0. Thus, kg (Su+1) > kp (s,) if and only if P(0 = Hls,+1) > ofl,
kg (Sn+1) = kg (sy) if and only if P(c = H|sp+1) = a)g’, and kg (Sp+1) < kg (sy) if and only

if P(c=Hlsp+1) <ofl.

Below, we relate 1(s,+1) to properties of the signal sources.

By direct calculation, P(A|H; sp+1) — P(A|L; sy+1) > 0 if and only if the number of a’s is
greater than or equal to the number of b’s contained in s;,1.

Above we have shown that kg (s,+1) — kg (s,) > 0 if and only if P(6 = H|sp+1) > a)éq,
which is true if and only if X > 0.

Let m, be the number of a’s in s,4+1 and m; be the number of b’s in s, ;1. Expanding X
yields:

Finally, note that P(H |s;+1) =

. By direct calculation, P(H |s;+1)

gt (1= g™ + (1 — i) —qu) gy
> i qr (1 —qr)™ + (1 — i) (1 —qr)™q)". (A.13)

Without loss of generality, suppose m, > my. Then defining d = m, — m;, where d > 0, we
can re-write Equation (A.13) as

(qH(l —qm)’”b @y dy + (1 —o)(—an)’\ _
qL(1=q1) wjqf + (1 —op)U—qu)! )~

(A.14)

which is identical to Equation (A.4). As we have shown in the proof of Proposition 2, for any
myp > 0, there exists some d* > 0 such that Equation (A.14) equals 1 for d = d*, Equation
(A.14) is less than 1 for d < d*, and Equation (A.14) is greater than 1 for d > d*. Further,
d* increases in mp and decreases in a){}. The analogous result applies to mp > m,. Thus
P(c=sy41) > a)gl when the information content of s, sufficiently favors one state, where
stronger information is required when it is contrary to the prior on the state.
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2. First, note that P*(c, 0[s,+1) is equal to
Be(Snt1) (]—[n-H P(s¢lc, 9)) wowo

S Besaen) Lo (T2 Plsile. 0)) oo

where B.(s,+1) is described by Equation (A.11). Second, applying the generalized pre-
screening described in the Internet Appendix, P*(c, O|prior = w$, {s,+1}) is equal to

P*(c,Olspt1) =

(A.15)

Baosnr) (557 Plsisale, )
o Yo Beaonen) (5 ) Plsiatle, D)oo

where Bcg (sp+1) = Ze P(spt1]c, O)a)ge and a)ge is described by Equation (A.10) and B (s,)
is described by Equation (9). Substituting this into P*(c, f|prior = w}, {s,+1}) yields:

P*(c, Blprior = w;, {sp+1}) =

PS (e, Blprior = @, {sn+1})
Beo(sn) (557 ) PGsiale, 0)Be(s) (TT1y PGsile. 0)) oo
X Tt (5 s ) PGsisile, 0)Besa) (T Plsile, ) wfos
BoGnin) (5 ) Beton) (T2 PGsile,0) ) oo
XY Bertonin) (ﬁ) pets) (T PGsile, 0)) oo

(A.16)

where

1 n+1 W
Beo (sn+1) <W) = Be(sn) (; (H P(sqle, 9)) wg) <Zg 2}29> :

t=1

Equation (A.11) implies that Equation (A.16) equals Equation (A.15) if and only if
Wy = >0 wce Since a)‘9 = P%(c,0[s,), then P°(c,0]s,+1) # P*(c,O|prior = ), {sp+1})
if P*(c|sn) # wg and PS (¢, 0lsp+1) = P*(c, Oprior = w;, {sp+1}) if P*(c|sn) = wy.

A.9. Proof of Proposition 5

Proof. Analogous to the one-source case, for the two-source case we can relate k¢, () to
Beica Sny.ny) Bey (Sny) in the following way:

ﬁcl ) (Sn] N ),301 (Sn1 )wgl w62

TR
ch 252 Berea (Sny,ng) Bey (Sny )a)()l w02

Note that we can also write B¢, (s,,) and B¢ ¢, (Sp;,n,) as

Keiep (Sn1 ,nz) =

nj

1
Bei (sn) = 1—[ mp(cl,cﬂstl)

H=l1 0 ~0
ni+ny
1
Berez (Snyny) = 1_[ o P(c1, calSny 1) (A.17)

t=n1+1 (,()O @
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This means that B¢, (S, ,n,)Bc, (Sn) separates the key components of the pre-screener’s cred-
ibility weight into two pieces. The term S, (s,) clearly depends on the order in which the
pre-screener observes source 1’s signals, and governs the first impressions of source 1’s cred-
ibility (after source 1 has sent all its signals and before source 2 has sent any signals). The term
Beco(Sny.ny) 1s the effect on the pre-screener’s credibility weight from evaluating source 2’s sig-
nals against source 1’s signals, holding aside the first impressions of source 1’s credibility. That
is, this is how the pre-screener evaluates the signals from source 2 given source 1’s entire body
of signals, so B¢,¢, (Sn;.n,) does not depend on the order of source 1’s signals.

For ease of exposition, let 77¢,¢0 = (]_[;11'1"2 P(sp|c1, c2, 9)) ( ;1”1 P(ss1lct, 2, 9)) where
cire€{H,L},coe{H,L}and 8 € {A, B}.letc; =c; and c; =3.

1. We can write the pre-screener’s posterior belief that source 1 is type H as the following:

P°(H) |sn1,n2)

_ KHy Hy (Snyny) (Ze TTH, H:G“’g) + KH Ly (Sny,ny) (29 TTH, 1429“’8)
K Hy Snynn) (g Ty H2008) + KLy Snyny) (3 o £260)) + KLy Hy Snyny) (g L1 20 @8 ) + KLy 1y Sy o) (g Ly L2000 )

(50,)
};:' (:”") (Brty s Gy ) (X 7y 26 0) + By L Snynn) (X Thy 120 00))
(Sny) N
ﬁf} o (Brtymy Gmyna) (S 7 10 @) + Bty 12 Gy na) (g 7 £2694)) + (B ity Gmyna) (S 71y 110 05) + By 12 Gy ) (X 71, 12605

(A.18)

ﬁfl E:"I; depends on the order of source 1’s signals. By direct differ-
11

BP‘Y(HI‘SnIJQ)
3(Bry /By (5n)))

Note that only the term

entiation of Equation (A.18), it is straightforward to show that > 0.

Lemma A.1. P¥(c2|c1; Spy,n,) and P¥(6|c1; Sp, n,) do not depend on the order of source 1’s
signals.

Proof.
Kce1e (Sny.ny) (g Te1e,00)

ZCZ Kz 1er Snyna) (29 e 0296”8)

_ Baea Gnin)Bey 500 0 (X Teizasf)
Yy Berer (Sny.m) B, (Sn) )0 0 (X 72,0000

_ BeiGu)@g ey )’ (3 Terea000h)
Bz, (Sn, )wgl >, Berea Sy ny) g’ (X6 2102000

_ ,36|Ez (Sn1 ,nz)wgz (ZG 7751?29“)(6))

Y, Beier Snyny) o (X Ty

None of the terms in Equation (A.19) depend on the order of source 1’s signals. Analogously,
let & = 6. We can conduct the same exercise to obtain:

PS(E2|EI ) Snl,nz) =

(A.19)

9
W (ch Ke1e, (Sny ,nz)nzlczé)
0
Ze @ (Z(jz Kz1z (S, ,nz)”Elcﬁ)
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0 _a ()
) ( e ”Elczeﬁcwz (Sny,np)wy )
= 2 AN
Zcz Beicr (Sny,np) @y (29 ”?1029(‘)0)

None of the terms in Equation (A.20) depend on the order of source 1’s signals. O

(A.20)

Note that

P*(Ha|Sp, 1)
= P*(Hz|Hy; Spyny) PP (HilSpy ny) + PP (H2IL 15 Spyny) PP (L1 ISy ny)
= P*(Hz|L1: Suyny) + PP (HilSpy ny) [P* (Ha| Hys Spyny) — PP (H2 L3 Suy ny)]
where
P(Sn, ny | H1, H2)k ) Hy (Snyny)
P(sny ny| Hi, H2)KHyHy (Snyng) + P (Snyny | Hiy L2)KH, Ly (Sny ny)
P(Spy,ny L1, H2)kp, 1, (Sny ny)
P(Spyny|L1s HOKL Hy Snynn) + P(Snyno | L1, L2)KL 1y (Snyny)

PS(H2|H1; Snl,nz) =

PS(H2|L1; Snl,nz) =

Holding source 1’s information content fixed, we have shown that P*(Hj|s,, »,) increases in

ﬁH (sn ) . ﬁH (Sn )
ﬁL:(Sn:) .By Lemma A.1, P*(H|Hi; Sy, ,n,) and P*(Hz|L1; Sp, n,) do not vary with ﬂL,l(snll)'

Expanding this out, we have P*(H>|H1; Sp,.n,) — P°(H2|L1; Sy, n,) > 0 if and only if

KHIHZ(Snl,nz)KLle(Snl,nz) - P(Snl,n2|H17LZ)P(Snl,n2|Ll,H2)
KH1L2(Snl,nz)KLle(snl‘nz) P(Snl,n2|H1aH2)P(Sn1,nz|LlyL2)
Bty Snyny) ity SVBLy Ly Snyng) BLi (D) PSnyny | Hio L2) P(Spymy | L1, H)
BH Ly Snyna) BH, (SUBLy Hy Snyn)BLy (S1) P (Snyny[HYs H2) P(Spy ny | L1, L2)
ﬂHle(sm,nz),BL|L2(Sn1,n2) - P(snl,n2|H1aLZ)P(Sn1,n2|L1aH2)
IBHILZ(Snl,nz),BLle(Snl,nz) P(Snl,n2|H17HZ)P(Snl,n2|Ll»L2)

Using Equation (A.17), we can say that P*(Hz|Hi;Sp,.n,) — PY(H2|L1; Sy, n,) > 0 if and
only if

n1+n 1
;2':,“2“ WP(HL Hy sy, ,6) P(Ly1, L[Sy 1)

T 1
HZIZ,Z2+1 WP(HI’L2|SM,Z2)P(L1, Ha|8u,.1,)

P(Snl,n2|H1»L2)P(Sn1,nz|Lls HZ)
P(Snl,n2|H17HZ)P(Snl,n2|L1, L2)
+
ey P(H1, HalSny ) P(L1, LolSny my) _ PGumlHi L) Py |L1. Ha)
P2 P(H, Lalsn,.) P(L1, Holsnyi) P (Suyong [ Hy H2) P(Snyny L1, L2)
(A21)

However, we can actually write the right-hand side of Equation (A.21) in the following way:
P (Sny,ny | Hi, L2) P (Spyny | L1, Ha)
P(sn|,n2 |H1 s HZ)P(sru,nz |L1 s LZ)
_ Z@ (P (Snl,nz | Hy, Lo, 9) a)g) Zg (P (Snl,nz | Ly, Hp, 0) wg)
29 (P (Sm,nz | Hi, Ha, 9) wg) 29 (P (snl,nz | L1, Lo, 9) a)g)
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> P(s,,] .y |H ,Lz)wgwg’wg > P(s,,I L1 ,Hg)wgwg’a)é

_ P(Snlvnz) P(sﬂlvnz)
> P(s,,l_,,2 |H, ,Hz)wg’a)g’wg > P(s,,l,,,2 |Ly ,Lz)wgwéwg
P(Snl»nz) P(S"Mz)

P(Hh Ly |snl,nz)P(le Hy |sn1,nz)

P (Hy. Hy|suym) P (L1. Lo I suymy)

Thus Equation (A.21) can also be written as

( P P(Hy, Halsyy.) P(Ly, Lz|sm,,2)>

ny+n
1212,112+1 P(Hq, L2|Sn1,t2)P(L1 s H2|sn1,tz)

y P (Hi, Hy | Spyny) P (L1, L2 | Snyny) o
P(HlsLZ|sn1,n2)P(Ll9H2|sn1,n2) .

3. We will perform an analogous decomposition on the pre-screener’s posterior belief about A
given Sy, n,.
P*(AlSny ny) = P(AlHy, Hy; Spy ny) P* (Hi, HalSp, ny)
+ P(A|H1, L2; Sy ny) PP (H1, LalSny ny)
+ P(A|L1, Ha; Sy ny) PP (L1, HalSny ny)
+ P(A|L1, L2; Spyny) P* (L1, L2 lSny ny)
= P(A|H1, Ha; Snyny) P* (Ha | Hi, Spy ny) PP (HLISny ny)
+ P(A[H1, L2 Sny ny) P* (L2l Hi, Sny ny) PP (HilSny ny)
+ P(AIL1, H2; Sny ny) PP (H2| Ly, Sny ny) PP (L ISny )
+ P(AIL1, L2; Spyny) PP (L2 L1, Spyny) PP (L1 ISk ny)
= P(A|L1, H2; Spy ny) PP (H2|L1; Sy )
+ P(A|L1, L2; Sp, .n,) PP (L2|L1, Sp; ny)
+ P (Hilsp ny) (P(AIH1, Hos Suy ny) P* (Ho | His Snyny)
+ P(A[Hy, L2; Spy ny) P* (L2| Hy Sny ny)
— P(A|L1, Ho; Sny ny) PP (H2|L 13 Spy ny)
— P(A|L1, L2; $y.ny) P*(L2|L1; Spy ny))
P*(Alsp;ny) = P(AIL1, Ho; Spy ny) P (H2|L 15 Sny ny)

+ P(A|L1, L2; Spyny) PP (L2 L1, Sny ny)
+ P (HISn, ) (P* (AIH1: Snymy) = PP(AIL1: Sy ny)) - (A.22)

By Lemma A.1, the only part of Equation (A.22) that changes with gfll E:::;

ﬂHl(Snl) PS(A‘HI;Snl,nz)
,BLl(snl) PS(AILI;Snl,nz)

is P*(HilSn,,n,)-

Thus, P*(Als,, n,) increases with if and only if > 1, and decreases if

and only if <.
Note that
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ZCZ P(Sn] N%) |C2’ H] ’ A)w(‘?KH]CZ
>0 e, PGuynsylea, Hi, Ao e,

Y, PGupmalea. Hy Ao By (nyns) Bty (8o a0
Y Y, Puynaleas Hiy Ao Brtyes Sny na) By (S Yol o
X, PGaymlea, Hi, A Brie, (Sny ny) g @

Y0 Y, PGuynalea, Hiy Ao Bryes (Sny ) o cop

The numerator of Equation (A.23) is expanded out as

Ps(AlHl;snl,nz) =

(A.23)

A c H
> " P(suymylea. Hi. Ao Beytr, (Sny.ny) oG a0g

2]
= ﬂHle(Snl,nz)a)gw(g—lwglp(snl,nz |H27 Hla A)
+ B Ly (Sny ny) 0 0 @0 P(Snymy | L2, Hi A),
and we can analogously expand the denominator. Multiplying the numerator and denominator

of Equation (A.23) by PGy y)” WE CaN write this as

Ps(AlHl;snl,nz)

- ﬂH| Hz(snl,nz)P(Hl, H2a A|Sn1,n2) + ﬂH| Ly (snl,nz)P(Hl s L27 A|Sn|,n2)
ﬁHle (Snl,nz)P(Hla H2|Sn1,n2) + ,8H1L2 (snl,l’m)P(Hl» L2|Sn1,n2) .

Likewise,

PS(AlLl; Snl,nz)

_ ﬂL]HQ(Sn],nz)P(le H23 A|Sn1,n2) + ,BLlLQ(Snl,nz)P(le L27 A|sn1,n2)
ﬂL|H2(Sn1,n2)P(L1 s H2|Sn|,n2) + ﬂL|L2 (Snl,nz)P(Lla L2|Sn1,n2) ’

Thus, we have

Bty Hy Sy ng) PCHL H, AlSny ) 4By Ly ) PCH1L L2 AlSy iy
P (AIH G Snyny) By iy Gng i) PCHI TS0y 0y FBiy 1 Sy ) PCHY LolSwy i)
PA(A|L1’ Sn1 ’12) - ﬁLle(sn].nz)P(Ll,HZ»Alsn],nz)‘HSLle(Sn],nz)P(Ll»L2:A|sn|.n2) ’
BLHy (Sny,ny)P(L1,Halsy ) FBL Ly (Snyny ) P(L1,L2|sy o )
142 1.2 1-12 152 1.2 1.2

where recall that B¢, (Sn,.n,) = I—[Z’;"IZH P(c1, calSn.1)-

To illustrate possible cases of Part 3: In Table A.1, both sources’ information content indicate
state A. From Row 1 to Row 2, and from Row 3 to Row 4, changing the order of source
1’s signals so that a’s come earlier increases source 1’s credibility. In Rows 1 and 2, source
2’s early signals are consistent with source 1’s information content, so the direct and indirect
effects both move the pre-screener’s final beliefs toward A. In Rows 3 and 4, source 2’s early
signals are inconsistent with source 1’s information content, so the indirect effect is that source
2’s credibility decreases even though source 2 objectively agrees with source 1. Moreover, the
indirect effect on source 2’s credibility is stronger the direct effect on source 1’s credibility, so
the pre-screener’s final beliefs move away from A (note that |ng,o —np2| > ng1 —npy here). O
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Table A.1

Pre-screener’s and Bayesian’s beliefs with multiple sources. Parameter values equal (g, g7, wé‘, a)(l)ﬁ s a)glz) =(0.7,0.55,0.5,C
beliefs are P(Hj|sp; n,) = 0.51442, P(Hj|sp,,n,) = 0.72946, and P(Alsp n,) = 0.96971.

ﬁH| (Snl)

PS(HZIHIZSn],nZ)

PS(A|H1?Sn| ,712)

S
Row s, Sna P Gn) P UhLisnny) P ALisany A
1 {a, b, a} {a,a,a,a,a,b,b,b,b,b,a,a,a,a,a,a,a,a} 0.71993 1.085837 1.01246 0.519
2 {a,a, b} {a,a,a,a,a,b,b,b,b,b,a,a,a,a,a,a,a,a} 0.97450 1.085837 1.01246 0.5944
3 {a, b, a} {b,b,b,b,b,a,a,a,a,a,a,a,a,a,a,a,a,a} 0.71993 0.78062 0.99856 0.021
4 {a,a, b} {b,b,b,b,b,a,a,a,a,a,a,a,a,a,a,a,a,a} 0.97450 0.78062 0.99856 0.028
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A.10. Proof of Corollary 2

Proof. From Proposition 5 Part 3, a necessary and sufficient condition for P*(Als,, »,) increas-

. . PS(A|H1iS0) ) ..
ingin By, /BL, (Sny) is PP AIL15myn) > 1. For ease of exposition, let

ni+ny i
Teicr6 = ( 1_[ P(St2|01,62,9)> (H P(Szllcl,cz,e))

t=n; t=n;
where ¢, ¢ € {H, L} and 6 € {A, B}.
Expanding out P*(A|H\; Sp, .n,) — P*(A|L1; Sy, n,), We obtain:
sgn (P*(A|H1; $nyny) — P°(AIL1; Snyny))
= () Bry 1y Sy nn) BLy Hy (Sny o) (T H\HyATCL) HyB — TTLy Hy ATCH, Ho B)
+ ol (1 = o) B, 1y Snynx) BL Ly Sy ) (TH HyATCL Lo B — L, Ly ATCH, o B)
+ o (1 — o) Bry 1, Snyny) By Hy Sy ny) (TH\ Ly ATL HoB — Ly Hy AT H L2 B)
+ (1 — &8 BLy 1> (Snym0) BHy Ly (Sny my) (TH Lo ATTL LoB — TL L ATTH L,B) - (A24)

The first and fourth terms of Equation (A.24) are strictly positive since n,1 > np;:

TH Hy ATCL HoB — UL HyATUH, Hy B
=lgu (1 —qm)"* g (1 — gr)qr (1 —qr)I"™"
x [(qu (1 —qr)" ™" —(qr(1 —qu))"* "] >0
TH LyATL,LyB — L L,ATUH, L, B
=g —q)1"*™?[qu (1 — gr)qr (1 — gr)]1"™"
X [(qu (1 —qr))" """ —(qr(1 —qu))"*' "] > 0.

Suppose that np; — na2 > 0. Then the third term is also positive since npy > n,o and ng1 > npy:

TTH{LLbATTL1HyB — TL1H,ATTH LB
np1+ng

=[qgu(1 —qu)qL(1 —qr)]

X [(qr (1 — gp))"2 e ha =l — (g (1 — gp))"2 " a =]

The second term is non-negative if npy —ny2 < n,1 — np1, but negative if npy —ngy > ngp —npp:

TH HyATTL LyB — TL Ly ATUH, Hy B
=lgn (1 —qmqr( — g™ "2 [(qu (1 — gL))" " (qL(1 — gu))"* ™"
—(qu(1 —qu)"™ 7" (qr (1 — )" "]
Thus if npy; — ngo > 0, then a necessary condition for P*(Als,, »,) to be decreasing in

BH,/BL,(Sny) 1S npy —ngy > ng1 —np1. M npy —ngo <ngp —npy, then P*(Alsy, »,) is decreasing

in IBHl/IBLl(Snl)'

Suppose that n,2 —nb2 > 0. Then the second term is also positive since n,7 > np and ny; >
npi-
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TTH H,ATTL{LyB — UL L,ATUH H,B
=lgu (1 — qm)qr(l — qp)]" "

X [(qu (1 — gp))ra™"Hma =t — (g1 (1 — gpp))ta™ "2 a =] >

The third term is non-negative if n o — npy < ny1 — npy, but negative if ngy — np2 > ngp —npy:

TTHLyATTL\H»B — WL HATTH,L»B
=[qgu(1 —gr)qr(1 — g™ ™2 [(gr (1 — gr))" "1 (gr.(1 — gp))"a2 "2
— (qu (1= qu)"=~"(qL(1 — qm)" "],

Thus if n, — npy > 0, then a necessary condition for P°(Als,, ,,) to be decreasing in
Bu,/BL,(Sny) is npo —ng2 > ng1 —np1. If ngo —ngp <ngi —np1, then P*(Alsy, »,) is increasing
in B, /BL, (Sny)-

Thus, a necessary condition for increasing Bg,/BL, (Sn,) to decrease P*(Alsy, n,) iS 42 —
np2| > ng1 — np1. A sufficient condition for increasing B, /B, (Sn,) to increase P*(A[Sy, »,) is
[na2 — np2| <ngt —npr. O

Appendix B. Application: Speculative trade, bubbles, and crashes
B.1. Proof of Proposition 6 (speculative trade)

Let (0, 0 ) = 6, &) for any 6 €(0,1)and & € (0, 1). After observing n, ; = np; (in any
order), the disagreement about the state is zero by Proposition 1.

Lemma B.1. If group Y offers the price and group X takes the price, then in any period t the
price of the asset is p} = EtX(R). If group YEB offers the price and group XEB takes the price,
then in any period t the price of the asset is p; = EtXEB (R).

Proof. We can determine the price in any period ¢ € {1, 2, ... T} by backwards induction, as in
the proof of Lemma 2 of Harris and Raviv (1993). In period T, Y buys from X if and only if
E¥ (R) = pr where pr is the time-T price. Since Y has all the bargaining power, she offers to
buy at pr = E %( (R), which X accepts (and receives zero expected utility). Conversely, Y sells to
X if and only if EJ(R) < pr, and sells at pr = EX (R).

In period T — 1, consider what price Y would offer if she wants to trade (buy or sell). X
is willing to buy if E%(_l(pT) > pr—1. Since X expects Y to offer pr = E%((R) in period T,
then EX | (pr) = E¥ | (EY(E¥(R)). Since X thinks Y thinks X is Bayesian, X thinks that ¥
will calculate X’s period-T belief by taking X’s current T — 1 belief and combine it with the
likelihood of the new signal s7 using Bayes’ Rule. Call this value E;(’”(R). Then from the per-
spective of X in period T — 1, the two possible outcomes in period T for what Y offers are either
Ef’“(R | s =a) or E}T(’"(R | s7 = b). This implies that EX | (EX(EX(R)) = E%(_I(E;{’”(R)).

Given EX_ (EY(EX(R)) = EX_,(EX"(R)), we will now show that EX_ (EX"“(R)) =
E%(fl(R) even though X is anticipating the wrong offer E;( "(R). Suppose X holds beliefs
E¥ [ (R), P} (st =a) and P} | (st =b), but falsely believes these were derived from
Bayes’ Rule when in fact they were the result of pre-screening. X will try to calculate:
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EX (BYEF () = X, (EF" () = P 51 =) B (R 57 = @)
+ b (sr =b)EX"“(R|sr=b).  (B.D)

Direct calculation shows:

P{  (st=a)=Y Y P(sr=alc,0)P'(c.0|sr_1)
c 0

Be (st 15 P (s | ¢.0) s
Zc Be (ST-1) Zg ,7:11 P(s;|c,0) a)gw(‘)

Y Be(s7—1) g P st =ale.O T2 P (s e, 6) o
Yo Be (s7-1) X T2 P (st 1 e.0) ofj
Be(s7—) T2 P (st =alc,6) P (s | c.0) wfos
Y Be(57-1) g [T P st =ale,0) P (st | c.0) wf o

Bes1-DIT/Z) P st =alc,0) P(si | ¢, 0) ofof
Yo Be(sr-1) Xy IS P (st | e.0) wfjf
Besr-)TT—' P (st =b1c.0) P (s | . 0) wfo
S Be57-1) g TI P (st | ¢,0) wfjw
Since P (st =a|c,0)+ P (st =b|c,0) =1, then:

P*(c,0|sr—1) =

= P%71 (s7=a)=

X,
E;"(R|sy=a)=

= P (sr=a)E;" (R|st =a) =

PX (s =b)E;" (R|sy=b)=

PX . (sr=a)E3" (R| st =a) + P, (s7 =b) Ex"" (R | s = b)
_ B0 Y 15 P (st [ e 0) wf
X Besr ) [T P (il e, 0) oo
=E}_ | (R). (B.2)

Thus, EX | (E%(’” (R)) =E¥ | (R).
Combining the insights above:

EX_1(pr) = Ef_ (Y (EF (R) = Ef_, (EX" (R)) = Ef_, (B).

Since Y offers X so that X has zero reservation utility, Y offers pr_; = E%(_l (pr) = Ef_l (R).
Note that ¥ must know how X does the calculation in Equation (B.2). Therefore, ¥ must know
that X thinks Y thinks X is a Bayesian. Likewise, X is willing to sell if pr_; > E%ffl(R) soY
will offer pr_; = E%(f] (R). And so on for all preceding periods. Thus, in any given period f,
we have p{ = EX(R).

An analogous argument applies for trade between X8 and Y£8. Thus, in any given period
t=1,2,....T, wehave pfB = EX*"(R). O

Lemma B.2. In period T, agent Y will hold the asset if and only ifE;(R) > E%( (R). In period

t=1,2...,T — 1, agent Y will hold the asset if and only if E] (EX | (R)) > EF (R).

Likewise, in period T, agent YEB will hold the asset if and only if E%/EB (R) > E%(EB (R).
B

In period t =1,2...,T — 1, agent YEB will hold the asset if and only ifEtYEB (E};_EI (R)) >
EX""(R).
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Proof. In period T, Y’s expected utility from buying is E}/(R) — pr and her expected utility
from not buying is 0. Thus, ¥ will buy if and only if EX(R) > pr. Since pr = EX(R) by
Lemma B.1, then ¥ will buy if and only if EX(R) > EX(R). If Y is holding the asset, ¥’s
expected utility from selling is pr and her expected utility from not selling is E’T/(R). Since
pr = EX(R) by Lemma B.1, then in period 7, Y will buy if and only if EX(R) < EX(R).

In period T — 1, Y’s expected utility from buying over not buying is E)T/_1 (pt) — PT—-1, S0
Y will buy if and only if E¥_1(pT) — pr—1 > 0. Since pr = E%((R) and Y knows that X is
a pre-screener, then EX_ (pr) = EY_|(E¥(R)). Since pr—i = EX_|(R), then Y will buy if
and only if EY 1(EX(R)) > EX 1 (R). And so on for all preceding periods. Thus, in any period
tr=1,2.. — 1, agent Y will hold the asset if and only if EY(Et_H(R)) > EYX(R).

An analogous argument applies to show the trading behavior of Y £8 when she trades with
XEB. O

Lemma B.3. Suppose that pre-screener X observes szgnal path spr in the pre-period. In

e

contrast, suppose pre-screener Y observes signal path s¥_, in the pre period Then both pre-

pre
screeners observe publlc signal path Z = s; in the trading period. Let na pre = nZ pre and
X _,.Y . A
iy pre =M, pre where na,pre + nb’pre npre for j € {X,Y}, so signal paths sp,e and spre con-

tain the same information content. Let ¢ € {v, w}.

If P*(vls),,) > PS(vls},,), then PS(v|{sy,,.s:}) > P*(vl{s}) . s:}).

pre pre

Proof. From the proof of Proposition 2, we already know that the necessary and sufficient con-
dition for P*(vls,,) > P*(v|s},,) is that BXBY — BX B) > 0.7* Suppose that this holds.
Analogously, we can only have P* (v|{spre, s:}) > P* (v|{spn, st} if ,B{X 2 {Y’Z} —
piX-216{"-2} - 0. Note that
IB{X,Z} _ 'BX be
pL? =Bl be,

where

pre

= H (Z (_ﬁ P(s,»|c,9>> (i]iP(mc,e)) aﬁ_f>

m=1 [4 i=—1+1

because ]_[ —_¢41 P(silc, 0) is the same for signal paths sX ore and st pre Since they have the same
information content. Thus,

BIEA Y2 — X2 2) = BX b B by — B buw By by
= byby (B BY — B BY) > 0,
since ,35(,33; — ﬂu}fﬁf >0. O

Lemma B.4. Suppose a pre-screener or Bayesian with prior wg = bl observes Mgt =Nt
pp p y p 020

signals. Then P*(0,c|s;) = P*(0|s;) P*(c|s;) and P (0, c|s;) = P(O|s;) P*(c|s;) YV O, c.

22 Note that this property does not require any restrictions on the ¢ type-space or on the number a’s and b’s in the
pre-period signals, only that X and Y have the same information content.
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Proof. This is easily verified by direct calculation. O

First, suppose without loss of generality that groups X and ¥ observe sX

e and sy, such that
P* (H|s ) > P5(H|s

pre pre)

XEB YEB

and are endowed with priors that coincide with

. . . EB EB
the pre-screeners’ posterior beliefs after the pre-period: a)é( = wl)fr . and a)g pre Then
the only threshold at which X8 and Y8 trade is Ngt =MNpy: XEB holds the asset when gt >

np,; and YEB holds the asset when gt <Hpy.

Lemma B.5. Suppose two Bayesians

Proof. By Lemma B.4, each Bayesian is endowed with independent priors on the state and
credibility, where wéEB’A = a)éf and wéEB’H = Ps(c|s{w) where j € {X, Y}. Clearly, the anal-
ogous argument and conclusion of Lemma B.3 apply to two endowed Bayesians: If a)é( FLH
a)gEB’H, then P(H|prior = wé‘EB,st}) > P(H|prior = a)gEB,st}). Thus, X£8 always trusts
the source more than Y£2 does. By Proposition 1, this means that P(H |prior = w(’)(EB,s,) >
P(H|prior = o!"",s;) if and only if P(A|prior = o} " s;) > P(Alprior = o} " s,
when ng; > np,. Likewise, P(H|prior = a)g”,s,) > P(H|prior = w(’)'EB, s;) if and only if
P(A|prior = w(’f”, s;) < P(A|prior = wg”, s;) when n, ; < np,. When n, ; = np,;, then by
direct calculation P(A|prior = a)é(EB ,8t) = P(A|prior = ngB, S;) = a)fr.

Thus, E,XEB(R) > EIYEB(R) when n,; > np;, EIXEB(R) < E,YEB(R) when n,; < np;,
and E,X Ee (R) = EtY Ee (R) when n, ; = np ;. Combining this with the law of iterated expecta-
tions also implies that EX"" (R) > EY " [EX"" (R)] > EY"™" (R) when ng; > np,, EX*"(R) <
EtYEB [EXEB

EB EB EB EB EB
X, (R < E}"(R) when ng; <np,,and Ef " (R)=El" " [EX] (R)]=E} " (R)

when 71,4, = np ;. Thus, by Lemma B.2, the only threshold at which X£2 and Y£2 trade in the
trading period is n, ; = np ; (i.e., when the two sides “switch sides” atn, ; =np ). O

Consider pre-screeners X and Y. By Lemma B.3, since P*(H|s),,) > P*(H|[s},,), then
pP# (H|{s s} > P (H|{s s;}). By Proposition 1, this means that when n,; > np;,
P* (H|{spre,st}) > P¢ (H|{spre,st}) if and only if P*¢ (A|{s]m,,st}) > PS¢ (A|{spre,st}). Like-
wise, when n, ; < np;, P°* (H|{sp,e,s,}) > P(H|{spre,st}) if and only if PS(A|{spre,s,}) <
pP¢ (A|{s s:}). When n, ; = np;, then by direct calculation P* (Al{sX...s:) = PS(A|{sY, s;})
= a)

Thus, EX(R) > EY(R) when ng, > np,, EX(R) < EY(R) when n,; < np,, and EX(R) =
EY(R) whenng,; =np;.

To determine trade between pre screeners, we need to compare E) (EX

pre’ pre?

pre’ pre’

X 1(R)) to EX(R).
First, we will show that if wft = 1/2, then pre-screeners always trade whenever their en-
dowed Bayesian counterparts do.

Lemma B.6. Suppose two pre-screeners have independent priors w_ = o?. L%, where a)g =

1/2, and they observe pre-period signal paths j € {X, Y}, respectively, where na pre = nb pre. >
2. Then X and Y always trade at the threshold n, ; = np, ;: X holds the asset whenng, ; —np =1
and Y holds the asset when np; —ng; = 1.
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Proof. Let a), denote pre-screener X’s posterior belief after observing {s¥.,s;}. Note that:

pre’
EX(EX (R) — EX(R)

X e SIDIP(Allsh
+[1 = P* (i1 = al{S)e, DIP (AHS ), s:41 = b)) — P(Alprior = o), s;41 =b)].

= P’(s;11 =al{s pres Sty St41 = a}) — P(Alprior = a),X,s,_H =a)]

Suppose n,; =np; + 1. By Lemma B.3 PS(H|{S[”E,SI}) > PS(H|{s¥
tion 1, EX(R) > EY (R). We will show that for any ! € (0, 1), P(H|{s,
isa sufﬁcrent condition for X to hold the asset.

Suppose that P(H|{spre,s,,s,+1 = a}) < .. By Proposition 4, P*(Al{sX,. 8,511 =
a}) — P(A|prior = a)l ,St+1 = a) < 0 and PS(A|{spre,st,s,+1 = b}) — P(A|prior = wtx,
st+1 = b) = 0. This implies that Ef (EX|(R)) — E[(R) < 0. Thus, X holds the asset when
gy =np+ 1.

Suppose np; =nq + 1. By Lemma B.3, P* (H|{spre,st}) > PS (Hl{spre,s,}). By Proposi-
tion 1, E}(R) < E} (R). We will show that for any o € (0, 1), P(H|{spre, Sty St41 = b)) < ol
is a sufficient condition for Y to hold the asset. Applying the preceding argument symmet-
rically, by Proposition 4, PS(A|{sp,e,st,st+1 = b}) — P(A|prior = a),X,st_H =b) >0 and
PS(A|{spre, st 5141 =a}) — P(A|prior = ], 5,41 = a) = 0. This implies that E/ (EX | (R)) —
E,X (R) > 0. Thus, Y holds the asset when np ; =n,; + 1.

We verify that P(H|{s§fre, Sty Si41)) < a)ﬂ is satisfied for a)A =1/2.

s:}). By Proposi-

S, Si41 =a}) < wi

pre’

pre’

Suppose n, s = np,; + 1. By direct calculation, P(H|{s¥

|- <qL<1 —au) ) ( (g’ +0 —qL)2>
ga(1 —qn) (qu)*+ 0 —qu)?)’
where the first term of the right-hand side is strictly greater than one and strictly in-

creasing in np. Thus a sufficient condition for P(H|{sX s, 541 = a}) < wf’r is 1 <

res Sty St+1 =a)) <ol . if and only if

pre’

1 241
(;::EI—Z;)J (((;732121_22))2>, which is satisfied since %(q(l - @+ 0 -9 =—-Qq —

3 <o.
Suppose 1, = nq.; + 1. Analogously, by direct calculation, P(Hl{sff,e, Sty Si41 = b)) < ol
if and only if

| <qL(1 —q1) ) ( (1 —qr)*+ (q1)* )
< ,
qu(1 —qn) (1 —gm)?+ (gn)?

where the first term of the right-hand side is strictly greater than one and strictly in-

creasing in n,. Thus a sufficient condition for P(H|{sX.,,s;, s:41 = b}) < wﬁ’, is 1 <

pre>
2 2
(qL(l_qL) ) ( U=g) +(qL) ) which is satisfied. Thus, X holds the asset when n, = np; + 1

qu(—=qn) ) \ (1—qu)*+(qn)?
and Y holds the asset when np, = ng; + 1. At ng; = np;, EY(EX [ (R) = EX(R) so Y is
indifferent about holding or not holding the asset.

Then X and Y always trade at the threshold n, ; = np ;: X holds the asset whenn, ; —np =1

and Y holds the asset whenny; —n,;=1. O

t+1

To show that speculative trade can occur when agents are pre-screeners, suppose a signal path
s; withn, ; > np ;. We have shown in Lemma B.5 that endowed Bayesians will never trade in this
case, and X will hold the asset. Moreover, we know that p, = EX(R) > EY(R) whenng ;> np;.
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Thus, the pre-screeners will only trade in period ¢ if there exists some point at which Y buys the

asset from X because EY(E[Jrl (R)) > EtX(R). Note that we can re-write this as:

E/(E} (R)— E}(R)

= P*(siy1 =al{sy,. SDE  (Rlsiy1 =a)

+ (1= P*(siy1 =al{sh, . S D)ES | (Rlsi11 =Db)

— PS(siy1 =al{s), .. s DErp1 (Rl prior = o, 511 = a)

— (1= PS(siq1 =al{s),e. D) Ery1 (Rl prior = S, 5,11 = b)

= P’ (s;11 —al{spre, ) ( 11 (Rlsi+1 =a) — Er11(R|prior = cutX, Si41 = a))

+ (1= P*(s;41 =al{s),,. ) (E,X+1(R|s,+1 =b) — E; 11 (R|prior =X, 5,41 = b))

+ (P (a1 = alls)er i) = P (51 = alls), e )

x (EX(Rlsi1 =b) — EX, (Rlsi1 =a)). (B.3)

By Proposition 4, Equation (B.3) is negative if we have signals such that P (H |{s])f, 0 St5 Stl =
a}) < of_. Thus, a necessary condition for Equation (B.3) to be positive is that we have signals
such that P(H|{spre, St, Si41 =ajl) > wfr.

To demonstrate existence of the speculative trade, fix the parameters g, € [1/2, 1), prior w_,
and signal paths spre and s; such that P(H|{spre, St,St+1 = b}) > ofl_, so the sum of the first
two terms of Equation (B.3) is strictly positive. Since n, > n;, and EX(R) > E} (R), then the
third term of Equation (B.3) is strictly negative because P*(s;4+| = al{sp,e, S;} > P(si41 =
a|{spre, s;}) whenever E; X(R) > E (R). Note that the third term of Equation (B.3) is strictly

increasing in P*(s;41 = a|{s s;}) and equals zero if s¥  =s% . We will show that there

pre pre®
exists some signal path S s’ pre such that Equatlon (B.3) is satisfied whenever P (H |{spr er Sty Sl =

pre’

b}) > wfr, SO P(H|{s[)fre, St, s,_H b)) > ol . 1s a sufficient condition for extra trade.

To find the sequence(s) spre to satisfy Equatlon (B.3) when na pre = né{pre and ng‘pre =
nb’ pre > I: Let s,,, be identical to sp,e in all positions except for the last reversal pair (a, b),

if it exists, in the sequence s¥ Call the posmons of this pair j + 1 and j + 2 (so this means

pre*
that sXH =a and sXJr2 =b). If na pre > nb pre (1 e., more a’s have been observed than b’s in the

subsequence s , which is the first j 51gnals of sX_ ), then replace this (a, b) with (b, a) so that

pre

| = b and sY ,y=a. lf na,pre < nb’pre or the pair (a, b) does not exist in s¥_, then instead

s ! !
Jt Jt
find the last reversal pair (b, @) in the sequence s pre: Call the positions of this pair k + 1 and k 42

pre’

(so this means that Si§+1 =b and s,ﬁz =a). If nb pre > nk (1 e., more b’s have been observed

), then replace this (b, a) with
(a, b) so that skJrl =a and skJr2 =b.If nb < n’,j, then continue by finding the second-to-last
reversal pair (a, b) and applying this procedure, and so on. By the argument made in the proof
of Corollary 3, this constructed sequence generates the greatest degree of trust such that we still
have P*(H |s or ) < PS(H |s o .)» and therefore by Lemma B.3 and Proposition 1 it generates the

greatest belief in A such that we still have EY(R|{ Spre» $t})) < EtX(Rl{sX, s:}). By Corollary 3,

Y X
pre pre

a,pre

than a’s in the subsequence sk , which is the first k signals of s%, pre

we can construct such a sequence s as long as s is not the sequence that generates the
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minimal degree of trust. This is already satisfied by assumption that P*(H |si§,e) > PS(H |s;,e).
We can continue constructing sequences that lead to decreasing degrees of trust by iterating in

this procedure for each constructed s? pre

Then there exists some signal path s sp”, such that:

EX(R{S) 051 > E/ (RI(S),.. 1)

and:

E/(E} (RIS) o DS ) pen 1) — Ef (R) =

This implies that for any signal path spre that results in beliefs such that P* (s, = a|{s§re, St} >
P* (s,+1 = a|{sp,c,s,}) > PS(s;41 = a|{§;n,s,}) we thus have EX(RI{sp,L,s,}) > EtY(R|
s¥ Spre-St})) and E} (E; +1(R|{sl’§,e, st})|{§1{re, s, D — EX(R) > 0. Thus, Y will buy the as-
set from X. Likewise, for any signal path s pre that results in beliefs such that PS(si41 =
al{she 1) > PS(si41 = al(h,0.80) > PS(si41 = al{s),..5:}). we have EX(R|{s¥,,.5/}) >
EY(R|{spre, s:}) and EJ (E}, | (RI{s},.. s,})l{sp,e, s:}) — EX(R) <0. Thus, Y will not buy the
asset from X.

Suppose that n, ; < np . As we have already shown, p; = E,X(R) < E[Y(R) whenn,, <np;.
Thus, EX(R) < EY(Eerl (R)) when n, ; < np,; and no trade occurs because Y always holds the
asset. Thus, n,; > np; is a necessary condition for speculative trade between pre-screeners to
occur.

Suppose that spre =

Since Y buys the asset whenever EY(E (R)) > EX(R) then Y

[7’3 t+1
always buys the asset if s%, Dre = =s? pre- Therefore, when sX Dre = =s? pre» there is no trade between X
and Y, nor between XEB and YEB,

Second, suppose groups X and Y observe s¥,, and s? pre Such that P*(H|s

pre pre) < PS(H|Spre)

We can apply the exact same analysis as in the preceding case of PS(H|SI,,€) > PS(H|sY ) to
show that the mirror image holds when P*(H |s%, pre) < PS(H|sY pre)- FOI brevity, we do not repeat
it in detail. In particular, it is easy to show that ¥ will always hold the asset when ng; > np ,
and X will buy it at n, ; = np ;. The key portion is that extra trade can only occur if np ; < ng;
and EY(EX 1(R)) — EX (R) > 0 as in Equation (B.3). Again by Proposition 4, Equation (B.3)
is negative if we have signals such that P(H |{s%,

pre

e St Sty = a)) = ™. Thus, a necessary
condition for Equation (B.3) to be positive is that we have signals such that P (H | {sifn, Sty St41 =
a}) < a)H Likewise, the sufficient condition is that P(H|{spn, S, 8141 = b)) <0l .- When the
sufficient condition is satisfied given sX_, and s;, then there exists at least one s1gna1 path s pre

pre
such that Y holds the asset.

Trade when v #1/2

If w4 . 7 1/2, then all proofs in Proposition 6 apply with the exceptions of Lemma B.6 and
Corollary 3. We discuss the generalizations below.
First, Lemma B.6 can be generalized to Lemma B.7.

Lemma B.7. If P*® (Hlspre) #* P’ (Hlspre) then XEB and YEB trade only when beliefs cross
atngy =np;. A sujﬁctent condition for pre-screeners X and Y to trade when beliefs cross at
Na,t =Npy IS P(HHSWW Sty St41}) < wl : When |ng s —np | =1.
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Proof. Let a), denote pre-screener X’s posterior belief after observing {s¥.,s;}. Note that:

pre’
EXES (R) — EX(R) = P’ (s111 = al{s)o. s DIP (Al 1. 5141 =a))
— P(A|prior :wtx, Si41 =a)]
+ 1= P’ (531 =al{s), . SDIP (A8, 0. 5111 = b))
— P(Alprior :wtx, si+1=D)].

Suppose n, ; =np + 1. As shown in Lemma B.6 for any w(’;‘ € (0,1), P(H|{s[)fre, St,St41 =
a}) < wf’r is a sufficient condition for X to hold the asset.

Suppose np; =ng,; + 1. As shown in Lemma B.6 for any a)g‘ € (0,1), P(H|{s§,e, St St =
b}) < a)H is a sufficient condition for Y to hold the asset.

Atng,; = np,;, who holds the asset depends on w. If »f} = 1/2, then E} (E}\ | (R)) = EX(R)
so Y is indifferent about holding the asset. If w{} 5 1/2, then EY (E | (R)) # E}(R) so Y either
strictly prefers to hold or not hold.

Sufficient conditions to have P(Hl{spre, Sty St+1)) < ol . when |ng; —np | =1 are as fol-
lows.

Suppose n, ; = np,; + 1. By direct calculation, P(H|{sX. s, Si41 =aj) < ol . if and only if

pre’

L <qL<1 —q1) ) 0 (q)* + (1 = o)1 —qr)’

qu(1 —qmn) of (qr)* + (1 — of) (1 —gqn)?
where the first term of the right-hand side is strictly greater than one and strictly in-
creasing in np. Thus a sufficient condition for P(H|{s% A is 1 <

S, Sip1 = a}) < w,
( qr(1-qr) ) g (qL)*+(1-0g)(1-qr)*
an(=qn) ) \ of (qn)*+(1~0f)(1~qn)*

pre’

), which can also be written as

qr(1—qr)* —qu(l —qn)’
—olgr(1 —q1)® —qu( —qu)* + g5 —qu) — q; (1 — q)1 > 0. (B.4)

Suppose np s = ng; + 1. Analogously, by direct calculation, P(Hl{sifre, St, St4+1 = b)) < wﬁ’r if
and only if

- <qL<1 —qr) ) it (1= qr)? + (1 — i) (qr)?
gu(1 —qn) ot (1 —gm?+ (1 —o)gm?)’

where the first term of the right-hand side is strictly greater than one and is strictly in-

creasing in n,. Thus a sufficient condition for P(H|{spre, St, Si+1 = b)) < a)flr is 1 <
qr(1—qr) [0 (I*QL)Z‘Hl*w() )(QL)Z .
(qH(l—qH)> (w(}(l—qy)%(l—w(,‘)(qy)z , which can also be written as
3 3
gy (1 —qun) —q; (1 —qr)
—oflay (1 —aqm) — g3 (1 —qr) + (1 —q1)> —qu(1 — qm)1 < 0. (B.5)

Thus, sufficient conditions to have P(H|{sp,e, Sty St41}) < ol : when |ng ;s —np | =1 are that
Equations (B.4) and (B.5) are satisfied.

These sufficient conditions do not unduly constrain the set of parameters (wf,, qL,qn) such
that Lemma B.7 applies. As shown in the proof of Lemma B.6, these conditions are satisfied
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for any 1/2 <qr <qg < 1 when w?_ = 1/2. Further, Equations (B.4) and (B.5) are satisfied
for all “Lr € (0, 1) whenever we have (gL, qm) such that b = qH(l —qgH) — qL(l —qr) <0.
Note that 3(3]—1;1 = qlzi (3 —4qH), which is strictly positive for gy < 3/4 and strictly negative for
gy > 3/4. Combining with the fact that b(qgg = qr) =0 and b(gyg = 1) < 0, this implies that
b < 0 whenever g7, > 3/4. Also, for any g1, € [1/2,3/4), then there exists a unique 4, € (qr, 1)
satisfying b(gH) = 0 such that for all gy > 94 b<0. O

Second, for w? . 7 1/2, one can find the sequences of pre-trade signals ordered by degrees of
trust (analogous to Corollary 3), and therefore demonstrate the existence of speculative trade.

B.2. Proof of Proposition 7

Since the pre-screener and endowed Bayesian have the same beliefs at the start of the trading

period, p§ = pE® = w?,. As can be seen from the proof of Proposition 1, pST = pEB = oh,

when n, 7 =np 1. Also na ¢ > np,, implies that p7 > wh . and p A

1. First, we demonstrate existence of p§ > pEB > @A . Note that
P = PS(AHsiS,e, )
Ay 3, (T PGk, A)) (TTiy PGsilg, 4) 0 (S 5D
T30l T (M POl ) (TTimy Plsle. ) 6 ellsfyensi)
p? =P(Alprior =w),,.s/)
Ay 3 (T PGila, A)) (TTizs PGsila, ) 0 fes))
T30l T (M POl ) (T Plsile.0) o fels})

where
0 m
Be(syo) =[] (Z (H P(silc, 9)) aﬁ_,>
m=—t 6 i
n 0 m
Belspesih) =Belsho) [ | (Z ( [] Pile 0)) (]"[ P sile, 0)) wfir) :
m=1 6 i=—1+1 i=1

By direct comparison, p; > pl B if and only if w! (1= a)fr),BH (spre),BL(sifre)FG > 0,

guIe I ERERI ERERES)

(1 o) (o))

0 t 0 t
=( I1 P(si|H,A)><]_[P(s,»|H,A))< I P(s,-lL,B))(l—[P(s,-|L,B)>

=—1+1 i=1 i=—t+1 i=1
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0 t 0 n
—( I1 P(si|H,B)>(]"[P(si|H,B)>( I1 P(si|L,A>><]"[P<si|L,A>>,

i=—1+1 i=1 i=—1+1 i=1

where we have already shown in the Proof of Proposition 4 that G > 0 when n,; > nyp;,

since nff pre = ni{ pre- Thus, pj > pEB if and only if F > 0. Moreover, we can easily show
that PS(H|{s,,.s:}) > P(H|prior = A,
if and only if PS(H|{spre,st}) > P(H|prior = a)l)f,e,
there exists at least one path s, that generates P* (H|{sp,e, s:}) > P(H|prior = wffre, S).
For example, if s; contains n,; > 1 signals, we can show that there exists a unique thresh-
old ng ((np,) such that F > 0 if ny; > ng(np,) and F <0 if ny; <ng,(np,). By direct

computation, F < 0 when n,; = np;, % > 0, and lim,,, , o0 F = 00. Thus, there exists

s;) if and only if F > 0. Thus, p; > p,

pre’
;). By the argument in Corollary 3,

a unique threshold 72, ; such that pj > ptEB for all ny; < ngy <ngr and P’ < p,EB for all
0<ng <n,.
Clearly, we can reverse the inequalities to show plE > p} > wl . if and only if PS(H|

{$)rer ) < P(H|prior =), s;).

A

2. Suppose we have st such that p? > ptFB > wA,. Since p = pt? = p} = pkB =4, and

ptf > ptAE B then the average price change of p; must be strictly greater than the average price

change of p,EB fort €[0,f]and ¢ € [£, T].

By Proposition 4, pj < p; EB because P(H|{s s1=a}) < wH for nX N

a,pre nb,pre -
This implies that we can only have p; > ptAE B > 0 if there are sufficiently many a’s that
the pre-screener over-reacts (under-reacts) to confirming (disconfirming) signals (i.e., more
a signals). By Proposition 4, if at least one such ¢’ such that p}, > pr exists, then it must
be that P(H|s¥ pres St! N> wf . for at least one of these ¢ dates. Suppose there exists some ¢
such that pt,, > pt,,B but P(H|spre, sy) < . Since P(H|spre, Sy) < w_r, then there must
necessarily be a lower proportion of a’s than b s observed at t" than at ¢'. Thus 1t cannot be
that p?, = max p; and we must have that P(Hls ;) > ol . Whenever p > p

pre’

pre’

Suppose p: = pEB and P(H|spre, s;) > ! but P(H|spre, Siy Sy =b) < wﬁ’r. Since p? =
max P/ thrs implies P(H|spre, $;,8) < a)H for all signal paths s; with ¢ € (¢, T] because
they are below the peak. By Proposition 7, thls implies that the pre-screener under-reacts
to each a and over—rcacts to each b in ¢ € (£, T]. But this means that for any ¢ such that
Na: = npys, pi < pEB, which cannot be true. Thus, P(Hlspre,st,stﬂ =b) > 0¥, when

p;f = ptF B 1f p;f > pt B then the Bayesian posterior belief in accuracy rnust be even higher
than when ps = pEB Thus P(H|s¥, S, s;_H b) > ol . When p > p

Since p; = max py, then s;, | = b and pE pf <0 and pA - p < 0 Moreover, because
then PS(A|{sp,e,st,st+1 =b}) >

P(A] pri or = a){’ s;,1 = b) by Proposition 7, where each joint belief for the prior wf , denoted

t+l

have we have shown that P(H|sp,e, S;, i =b) > ol

by a)A , is the pre-screener’s belief after observing signal path sX »re and the public path s;:
& =P (c, 0l{s )0 57D
A Yo (T PGsila, ) (TT11 Psilas A)) @ Be(S%re57))
50l (M POl ) (TTizy Plsle. ) 0 Bellshyersi))
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Since p! = PS(Al{s%.,,s;}) = P(A|prior = wff) and prB = P(Alprior = w},,.s;) by

pre’

definition, then p‘tf > ptFB implies P(A|prior = a);’) > P(Alprior = a)?fre,s;). Thus

0 > P(A|prior = w?,s;H =b) — P(Alprior = wé’) > P(A|prior = a)gfre,{s;, Spyp =
b}) — P(A|prior = },,.s;). Combining this with the fact that P*(Al{s},,.s; 574 =

pre’
b}) > P(A|prior = a)ﬁf,s;H = b) by Proposition 7, then 0 > PS(A|{sifre,s;,s;+1 =
b}) — PS(A|{s%,,,s;}) > P(A|prior = wjf,e, {s;, 57,1 =b}) — P(A|prior = 0¥.,.s;). Thus,

pre’ pre>
EB EB

3. If ptf > pr B> wér, then we have already shown in the proof of Proposition 7 that the nec-
essary and sufficient conditions given in Proposition 6 must hold. Thus, there exists at least
one signal path sgr . such that speculative trade between pre-screeners occurs (e.g., Y holds

the asset at r =7, at least).
Appendix C. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/
jjet.2021.105401.
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